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Abstract. We characterize Probenius and separable monoidal algebra extensions i : R S in 
terms given by R and S. For instance, under some conditions, we show that the extension is 
Frobenius, respectively separable, if and only if 5 is a Frobenius, respectively separable, algebra 
in the category of bimodules over R. In the case when R is separable we show that the extension 
is separable if and only if S is a separable algebra. Similarly, in the case when R is Frobenius 
and separable in a sovereign monoidal category we show that the extension is Frobenius if and 
only if S is a Frobenius algebra and the restriction at R of its Nakayama automorphism is equal 
to the Nakayama automorphism of R. As applications, we obtain several characterizations for an 
algebra extension associated to a wreath to be Frobenius, respectively separable. 



1. Introduction 

Frobenius algebras appeared for the first time in the work of Frobenius on representation theory. 
These are finite dimensional algebras over a field k having particularly nice duality properties (see 
for instance the Frobenius equation below). The study of Frobenius algebras was started in the 
thirties of the last century by Brauer and Nesbitt [2] which named these algebras after Frobenius. 
Nakayama discovered the duality property of a Frobenius algebra in [29[ 131] , and Dieudonne used 
this to characterize Frobenius algebras in [11]. Nakayama also studied symmetric algebras in [30] 
but the automorphism that carries out his name was defined in [31] . Besides representation theory, 
Frobenius algebras play an important role in number theory, algebraic geometry, combinatorics, 
coding theory, geometry, Hopf algebra and quantum group theory, in finding solutions for the 
quantum Yang-Baxter equation, the Jones polynomials, etc. More details about the connections 
between Frobenius algebras and the classical, respectively modern, directions mentioned above can 
be found in the books of Lam 22 and Kadison [15; . 

Recently, the interest for Frobenius algebras has been renewed due to connections to monoidal 
categories and topological quantum field theory (TQFT for short). Roughly speaking, if nCob 
is the category of n cobordisms then a TQFT is a (symmetric) monoidal functor from nCob to 
fcA^, the category of A:- vector spaces. For n — 2 there exists a complete classification of surfaces, 
and so the cobordism category 2Cob is described completely. Furthermore, the relations that hold 
in 2Cob correspond exactly to the axioms of a commutative Frobenius algebra and this leads to 
the fact that 2TQFT is equivalent to the category of commutative Frobenius algebras. For more 
details on this topic we invite the reader to consult [20]. We also note that the Frobenius equation 
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(that follows from the fact that both surfaces are homeomorphic to a sphere with four holes) 




expresses the compatibility between the algebra and coalgebra structure on a Frobenius algebra. It 
makes sense in any monoidal category, and therefore the notion of Frobenius algebra can be defined 
in any such category. This has already been done, see for instance [TH [501 US] . Furthermore, in the 
monoidal categorical framework Frobenius algebras appear in different contexts. Apart from the 
TQFT case mentioned above, we have a correspondence between Frobenius algebras in monoidal 
categories and weak monoidal Morita equivalence of monoidal categories [28j, Frobenius functors 
and Frobenius algebras in the category of endofunctors, and Frobenius monads in 2-categories 
and Frobenius algebras in some suitable monoidal categories, respectively. Note also that Cayley- 
Dickson and Clifford algebras are example of Frobenius algebras in certain monoidal categories of 
graded vector spaces [31 0] . 

Kasch [T71 extended the notion of Frobenius algebra to an arbitrary algebra extension. A k- 
algebra morphism i : R ^ S is called Frobenius if S is finitely generated and projective as right 
i?- module and Homfl;(S', R), the set of right i?-linear maps from S to R, is isomorphic to S as {R, S)- 
bimodule. The notion of Frobenius algebra is recovered when R = k and i is the unit map of S. We 
should point out that Frobenius extensions have a well-developed theory of induced representations, 
investigated in papers by Kasch (THl HZl [TB] , Pareigis [5S1 157] , Nakayama and Tzuzuku [321 13S1 IM] , 
Morita [26l[27], and the list may continue. Frobenius extensions, and so Frobenius algebras as well, 
can be characterized in terms of Frobenius functors, first introduced by Morita in (26j. Recall that 
a Frobenius functor is a functor having left and right adjoints which are naturally equivalent, and 
that the terminology is based on the fact that an algebra extension i : R ^ S is Frobenius if and 
only if the restriction of scalars functor is Frobenius. 

Due to a famous result of Eilenberg and Nakayama 12! , particular examples of Frobenius k- 
algebras are given by separable /c-algebras. Later on, the result was generalized by Endo and 
Watanabe |,13] to the case of algebras over a commutative ring, which are projective as modules. 
More precisely, they showed that if such an algebra is separable then it is symmetric, and therefore 
Frobenius. Although the separability notion extends easily to the algebra extension setting, it is 
still an open question when a separable algebra extension is Frobenius. In this direction the answer 
is known to be positive in some particular cases, see |43l [44]. As far as we are concerned, the 
separability notion can be restated in terms given by separable functors. These were introduced in 
[35] and, similar to the Frobenius case, their name is justified by the fact that an algebra extension 
i : R ^ S is separable if and only if the restriction of scalars functor is separable. 

In this paper, which can be seen as a sequel of [7^ and a predecessor of f5^, we have as final 
goal the study of the algebra extensions associated to wreaths in monoidal categories from the 
Frobenius, and respectively separable, point of view. Our motivation is two-fold. On one hand we 
want to unify most of the Frobenius type theories performed for algebra extensions obtained from 
different types of entwining structures coming from actions and coactions of Hopf algebras and their 
generalizations; corroborated with the results and the set of examples presented in [7] this leaded us 
to the study of wreaths in monoidal categories, and then of algebra extensions produced by them. 
On the other hand, we wish to give a monoidal categorical interpretation for the conditions under 
which these algebra extensions are Frobenius, respectively separable, and so to replace a bunch of 
conditions with one monoidal property. We shall explain this better in what follows by presenting 
the content of this paper. 
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Since wreaths in 2-categories are actually monoidal algebras and the monad extensions produced 
by them are in fact monoidal algebra extensions we first study when a monoidal algebra extension 
is Frobenius, respectively separable. Having in mind the functorial interpretation that exists in the 
classical case, we started by investigating when the restriction of scalars functor and the induction 
functor are Frobenius, respectively separable. To make our theory work, besides the natural condi- 
tions that we need to impose (existence of coequalizers, coflatnes, robustness), we have to assume 
that the unit object 1_ is a Cg)-generator, too. For short, this extra condition is the substitute of the 
fact that giving an element of a set is equivalent to giving a map from a singleton to the set, or 
giving a vector is equivalent to giving a linear map from the base field to the vector space where 
it resides. Otherwise stated, we can avoid working with "elements" by considering morphisms in 
a category having the unit object as source, providing that 1 is a (g)-generator. So under these 
conditions we give in Theorem 13.41 necessary and sufficient conditions for the restriction of scalars 
functor to be Frobenius and in Theorem 13.51 the ones for which it is separable, generalizing in this 
way P Theorem 27] to the monoidal categorical setting. As expected, we obtain as a consequence 
that an algebra yl in a monoidal category C is Frobenius/separable if and only if the forgetful functor 
F : Ca ^ C IS. so, of course, providing that 1 is a ^-generator in C. Motivated by these results 
we define in Section |4] the notion of a Frobenius/separable algebra extension in C in such a way 
that it becomes equivalent to the fact that the restriction of scalars functor is Frobenius/separable, 
providing again that 1_ is a (g)-generator in C. 

If 1_ is a projective object in C then an algebra A in C is separable if and only if it is projective 
as an yl-bimodule in C (Proposition \AA\ . Furthermore, in Proposition 14 . 71 we show that an algebra 
extension i : R ^ S is Frobenius/separable if and only if S' is a Frobenius/separable algebra in 
the category of i?-bimodules in C, _rC_r, and therefore the study of Frobenius/separable algebra 
extensions reduce to the study of monoidal Frobenius/separable algebras. Consequently, we get 
that when 1 is projective or ^-generator and R is separable the extension i : R ^ S is separable if 
and only if S" is a separable algebra in C fCorollarv l4.8[) . Note that Proposition 14. 71 gives also a new 
approach for dealing with the problem of when a separable algebra extension is Frobenius. More 
exactly, if we can answer to question 

What are the monoidal categories for which any separable algebra is Frobenius ? 

then one can uncover the conditions under which a separable algebra extension is Frobenius. Nev- 
ertheless, we can always handle the converse of the above question. More exactly. Proposition 14.91 
measures how far is a Frobenius monoidal algebra from being separable, and consequently how far 
is a Frobenius algebra extension from being separable (Corollarv l4.10p . 

The purpose of Section[5]is to present new characterizations of Frobenius algebra extensions. For 
an algebra A in a monoidal category, we have several conditions equivalent to A being Frobenius, 
we collected them in Theorem 15.11 Since an algebra extension i : i? — >■ S* is Frobenius if and only 
if 5' is a Frobenius algebra in rCr, we get as an immediate consequence of Theorem 15.11 a list of 
characterizations for i : i? — 5 to be Frobenius fCorollarv l5.2[) . The natural problems that show up 
now are: (1). When is rCr rigid monoidal?; (2). If rCb. is rigid then is C so?; and (3). If (2) is true, 
then how can we relate the dual of an object in rCr with the dual of the same object regarded now 
as an object of C via the forgetful functor? To answer these questions we adapted the techniques 
used in [47j Section 5], where it is proved that bCr is rigid in the case when C is so and i? is a 
special Frobenius algebra (recall that a Frobenius algebra R is called special if m^A^ = dRlAn 
and LrIIj^ = dnX'^Bi for some "non-zero scalar" dn, where {R,ELRi'n ^-nd (-R, A^,£^) denote 
the algebra and coalgebra structures of the Frobenius algebra R). To be more precise, we walked 
backwards through these questions. Firstly, it is well-known that a strong monoidal functor preserves 
dual objects, so we might have an answer for (3) in the case when the forgetful functor it : rCr — > C 
is strong monoidal. But this condition on it is very restrictive, so we replaced it with the Frobenius 
monoidal one, a weaker condition under which il still preserves dual situations, cf. [ini Theorem 2]. 
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il has a trivial monoidal structure and this is part of a Frobenius monoidal structure if and only 
if i? is a Frobenius algebra. Furthermore, if this is the case, then the opmonoidal structure of il is 
completely determined by the Frobenius structure of R, see Theorem 15.41 Thus, if R is Frobenius 
and jiCr is rigid then C is rigid as well, and this answers partially to (3). Secondly, we prove in 
Proposition 15.81 that the converse remains true if we assume, in addition, that R is separable (a 
situation different from the one considered in [17], and more appropriate to the topic of this paper). 
In particular, if i? is a separable Frobenius algebra, we have that rCh is rigid if and only if C is so, 
and if this is the case, the dual objects coincide (only the evaluation and coevaluation morphisms 
are different). This answers partially the questions (1) and (2). Furthermore, using these results we 
are able to show that if i? is a separable Frobenius algebra, then an algebra extension i : R S is 
Frobenius if and only if 5 is a Frobenius algebra and a condition involving the Frobenius structures 
of R and S holds (Theorem l5.10p . When C is sovereign monoidal, that is, C is rigid and the left dual 
functor is equal to the right dual functor, then this condition is equivalent to the the fact that the 
restriction at R of the Nakayama automorphism of S coincides with the Nakayama automorphism 
of R, see Theorem 15. 11 1 

In Section [5] we give some applications. Particular examples of monoidal algebras are given by 
monads in an arbitrary category (algebras in a category of endofunctors) and monads in 2-categories. 
Thus if we specialize our results to these particular situations we get for free necessary and sufhcient 
conditions for which a monad extension or a 2-monad extension is Frobenius, respectively separable. 
Since the former is a particular case of the latter, we restrict ourselves in working only in the context 
provided by 2-categories. If A = {A, t, fi, rj) is a monad in a 2-category K. then (t, fi, rj) is an algebra 
in the monoidal category IC{A) and, moreover, A is Frobenius/separable in the 2-categorical sense 
if and only if {t,^,T]) is a monoidal Frobenius/separable algebra in IC{A). With this observation in 
mind we easily deduce necessary and sufficient conditions for which a wreath, i.e., a monad in the 2- 
category EM(/C) (the Eilenberg- Moore category associated to /C), is a Frobenius/separable 2-monad. 
Besides these characterizations, we give also new ones, providing that JC{A) admits coequalizers and 
any object of it is coflat. More exactly, to any wreath in JC we can associate an algebra extension 
in JC{A) that we call the canonical monad extension associated to the wreath. Then the wreath is 
Frobenius/separable if and only if the associated canonical monad extension is so fTheorems 16 .61 and 
16. 7p . Finally, all the results obtained throughout the paper can be applied to the (monad) algebra 
extension associated to a wreath in a monoidal category. We summed up all these in Corollarv l6.8l 
for the Frobenius case, and respectively in Corollary 16.91 for the separable case. In this way we 
achieved our main goal. Furthermore, we will see in [8] that the Frobenius/separable properties of 
a monoidal wreath play an important role in establishing Frobenius properties and Maschke type 
theorems for the generalized entwined module categories that were introduced in 

2. Preliminaries 

2.1. Rings and corings in monoidal categories. Throughout this paper C is a monoidal cat- 
egory with unit object 1_. Without loss of generality we assume that C is strict, this means that 
the associativity and the left and right unit constraints are defined by identity morphisms in C. If 
A is an algebra in C we then denote by m 4 and rj^ its multiplication and unit morphisms, and by 
aC (Ca) the category of left (right) A-modules and left (right) A-morphisms in C. For more details 
about algebras in a monoidal category we invite the reader to consult [5J HH HH Hi] . 

Assume now that C has coequalizers. Take an algebra A in C, DJl € Ca and X G aC, with 
structure morphisms fix '■ A X ^ X and : DXt A ^ 9Jt, respectively. We consider the 
coequalizer (M (g)^ X, ^) of the parallel morphisms ® Id^ and Idgjt (g) /i^ in C: 

m(S)A(g)X ^ M ®X ^ M ®A X. 
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For a left A- linear morphisra / : X ^ Y in C, let f : 9Jt (8)^ X ^ Tl ®a Y be the unique 
morphism in C satisfying the equation 

(2.1) fq^,x = QmA^d^ ® /)■ 

Take X — >Y — >Z in aC- It is easily verified that gf — gf. 

Now let g : an ^ 91 in Ca and Y e aC. Then g : Tl (g>A Y (g)A Y denotes the unique 

morphism in C obeying 

(2.2) 5'7OT,F = 4,y(5®Idi'). 

For m-Um^^ in Ca, we have that ^ = gf. 

For 9Jl G Ca, X G C and Y G aC, we have canonical isomorphisms Tot, T<xa,x and Ty: 

- Trj)j : 9Jl (g)A A-^^Xft, uniquely determined by the property Tsjyiq^ a ~ ^OT' 

- TTpoi.x : 9^ ®A (A (g) X)-^9Jt (g) X, uniquely determined by the property '^m.xqm.A^x ~ 

- Ty : A ®A Y^^Y , uniquely determined by the property Ty^^ y = /iy. 
The following properties are now easily verified: 

(2.3) T-i=<A(IdcDi®ZZA) ; T;7i=giy(^^®Idy); 

(2.4) T^i^ = qmA^xi^^m^-n^^lAx). 

Next, recall that an object X of C is called right (left) cofiat if the functor X ® ~ (respectively 
— (8) X) preserves coequalizers. An object of C is called cofiat if it is both left and right cofiat. 

Let now C be a monoidal category with coequalizers and A^R algebras in C. By j6, Lemma 2.4] 
we have the following. 

(a) If A is right cofiat then for any X G aC-b. and F G the morphism ^Ix^rY '■ A®X (g)^ Y 
X Y uniquely determined by /x^^^y(IdA ($• Qx y) — 1x y(i^x ^^y) defines on X (Sir Y a left 
A-module structure in C, where, in general, by ■ A®X X we denote a left A-module structure 
on an object X of C; 

(6) Likewise, if A is left cofiat then for any X Cr and Y G rCa the morphism i^xtSftY '■ 
X iE)R Y A ^ X ®R Y uniquely determined by i^x^rY^Ix y ® I^a) — 9x y(Idx <8) I'y) defines 
on X (Sir Y a right A-module structure in C, where, in general, hy '■ Y (S A ^ Y we denote the 
morphism structure of a right A- module 1" in C. 

If R is an algebra in C we then say that an object F G _rC is left robust if for any VJl E C, X E Cr 
the morphism ^ y : (9Jt X) ^r Y ^ DJl (S {X ^r Y) defined by the commutativity of the 
diagram 



m®x^R(E)Y : m^x^Y — u- {m ^x)(SrY 




Idm(S>qx,Y 

m(3iX(S)RY) 

is an isomorphism. If R is left cofiat the it is well-known that the category of i?-bimodules in C that 
are left cofiat and left robust, denoted by 'j^Cr, is a monoidal category (see for instance |51 [551HD] ). 
Notice that the left robustness of an object F G _rC is needed in order to define 
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(1) a left i?-module structure on X ®ii Y in C, for any X G rCr. Namely, if we define fix^nY 
{R (8) X) (^R Y ~> X Y as being the unique morphism in C making the diagram 

R<S)X<S)R'»Y : R(»X(E) r (R (^X)®rY 



X^rY 

commutative then the morphism fJ-x^nY ■— defines on X Y a left i?-module 

structure in C. Furthermore, X i^^r Y becomes in this way an i?-bimodule, providing that Y £ 'j^Cr 
and R is left coflat. We should also remark that this left i?- module structure coincide with that 
when R is right coflat, see (a) above; 

(2) a morphism T'^^x.y : 97? ®fl (^r Y) {M (g)_R X) (g)R Y, for aU 9Jt, X, F e rCr, uniquely 

determined by Fjjj; ^ ylm x® y ~ 1m x^'m^x y- actually an isomorphism with inverse Ejj^ y 
uniquely determined by the property that 

'^m.,X,Ylm®RX,Y{lm.,X ® Idy) = <7OT,X«)Hy(IdOT ® (&.y)- 

So when R is left coflat the category ^'^Cr is monoidal with tensor product ®r, associativity con- 
straint Yj' , unit object i?, and left and right unit constraints T'_ and T_. Once more, the full 

details can be found in [SI [301 ISE] ■ Note also that in most of the cases we assume that C is monoidal 
and such that any object of it is coflat and left robust, thus '^Cr, identifies with rCr in this case. 

2.2. Monads in 2-categories. Let /C be a 2-category; its objects (or 0-cells) will be denoted by 

capital letters. 1-cell between two 0-cells U and V will be denoted as U s- V , the identity 

morphism of a 1-cell / by 1/ and, more generally, a 2-cell by / ^ > /' . We also denote by o the 

vertical composition of 2-cells / ^ /' ^ )- /" in /C(t/, F), by the horizontal composition of 
2-ceUs 

/ 9 
f g' 

and by ( U — ^ U , Ij/ =^ lu ) the pair defined by the image of the unit functor from 1 to 
IC{U,U), where 1 is the terminal object of the category of small categories. For more detail on 
2-categories, we refer the reader to 1, Ch. 7] or [25, Ch. XII]. 

A monad in /C is a quadruple {A, t, fi, rj) consisting in an object A of /C, a 1-cell A — A in 

fi rj 

K. and 2-cells tot > t and 1a > t in IC such that 

o If) = /i o (It ^) , ^io {It Qi]) = It = ^Io {r]Q It) . 

If A = {A, t, fit, Vt) and B = [B, s, fig, rjs) are monads in K, then a monad morphism between A and 

B is a pair (/, ip) with A ^ B a 1-cell in IK and so/ > f ot a 2-cell in IC such that the 

following equalities hold: 

{If Q lit) o {ij Q U) o {1, Q tl,) ^ ^ o (fis Q If) , o {rjs Q If) = If Q rjt. 
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2.3. Frobenius and separable functors. Let be a functor between two arbitrary categories 
V and £. Recall that J- is called Frobenius if it has a right adjoint functor which is also left 
adjoint, and that is called separable if for any two objects X,Y V there exists a map 'Px,y '■ 
Roms{T{X),T(Y)) Hom23(X,F) such that Vx.viJ'if)) = /, for all f : X Y in V, and 
T^Yi.Y2{92) o /i = /2 ° T^Xi.X2{9i) for every commutative diagram in £ of type 



F{X,)^^F{X2) 



F{fi) 



F(f2) 



F(Yi) FiY2) 

When has a right adjoint Q : £ ^ V the Rafael's theorem [33] gives necessary and sufficient 
conditions for J- or Q to be separable. More exactly, if l-p and Ig are the identity functors on V and 
£, and ?/ : — > GJ- and e : J-Q Is are the unit and the counit of the adjunction, respectively, 
then 

• is separable if and only if the unit rj splits, that is there exists a natural transformation 
V : QJ- — >■ 1-p such that v o r\\% the identity natural transformation of Ip; 

• is separable if and only if the counit e cosplits, that is there exists a natural transformation 
/i : Ig — > TQ such that e o is the identity natural transformation of If. 



3. Frobenius and separable type properties for the restriction of scalars functor 

and the induction functor 

In the literature there are several Frobenius or separable theories developed for different kind 
of algebras. All these are based on the fact that a certain canonical functor is Frobenius, respec- 
tively separable. Usually, this canonical functor is a forgetful functor or, more generally, a functor 
restriction of scalars. 

As far as we are concerned, we are interested to study when the extension defined by a wreath in a 
monoidal category C is Frobenius, respectively separable. This can be done in two ways, depending 
on the point of view: monoidal or 2-categorical. As we will see, both cases require actually the 
study of Frobenius (respectively separable) algebra extensions in a monoidal category, and this is 
why we shall study this problem first. More precisely, for an algebra extension SjR in C, that is 
for an algebra morphism i : i? — > S* in a monoidal category C, we will give necessary and sufficient 
conditions for which the functor restriction of scalars F : Cs ^ Cr is Frobenius, and respectively 
separable. 

If 5* is left coflat then the functor restriction of scalars F has always a left adjoint functor G. 
Namely, G is the induction functor — S : Cu Cs which is defined as follows, li X ^ Cu then 
(— S){X) — X S endowed with the right 5-module structure induced by the multiplication 
of S, and if / : X — >■ y is a morphism in Cr then (— S){f) ~ f. The unit and the counit of the 
adjunction are described as follows, for all X ^ Cr and 9Jt G C5, 

(3.1) vx := ,s(Idx ®Tis)-X^X(g,RS , £ot ^ : OH ®fl 5 ^ OT, 

the latest being determined uniquely by the property that ^^q^ 5 = i^^- 

So is a Frobenius functor if and only if G = — ®ii 5' is a right adjoint functor of F, and F 
is separable if and only if the counit of the adjunction defined above splits. To see when these 
conditions hold we first describe the sets Nat(i^ o (— ®r S), — ) and Nat(— , (— ®r S) o F), where, 
in general, ii 7^,0 : V £ are two functors we then denote by Nat(J^, Q) the set of natural 
transformations from J- to G- To this end we use the techniques performed in [9 . To make them 
work in the setting of a monoidal category C we have to assume that C is left (^-generated by its 
unit object. This means the following. 
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Definition 3.1. Let C be a monoidal category. We say that an object P of C is a left ^-generator 

/ ^ 

of C if wlierever we consider two niorplrisms Y ® Z ' W mC such, that f{€®ldz) = ^(e^Id^), 

a 

for all e : P ^ F in C, we then have f — g. 

Observe that, by taking Z = lin the above definition we get that a left Cg)-generator of a monoidal 
category C is necessarily a generator for C, and this justifies our terminology. 

Lemma 3.2. LetC be a monoidal category with coequalizers and assume thatl is a left ^-generator 
for C. If i : R ^ S is an algebra morphism in C with S a left coflat object, F : Cs ^ Cr is the 
restriction of scalars functor induced by i and — ®ii S : Cr ^ Cs is the induction functor, then 
there exists an isomorphism 

Nat(F o (- S), -) = i^Homfl(5, R), 

where RllomR{S,R) stands for the set of R-bimodule morphisms from S to R in C. 

Proof. Follows the same line as the proof of 9, Theorem 2.7, 3.]. We first show that the desired 
isomorphism is produced by 

a : Nat(Po (- ®r S), -) = HHomfl.(5,P), 

defined as follows. If u = {ux ■ X (g)/? 5* — > X)^^^^ is in Nat(P o (— (g)^ S*), — ) we then define 
a{u) = urT'^^. To show that a{u) is a right i?-linear morphism is sufficient to show that T'^^ is 
so. Indeed, on one hand we have 

= gfl,s(llifl(ldi? <E) Vj^) ® Ids) = 9fl,s- 

On the other hand, 

TsVf = r's-'msii^Us) 

= aK,s(!?^®Ids)TOs(«®Ids) 

= qR,si^R(llR ® idfl) ® Ids) = qR,s, 

as required. 

Take now e : 1. — >■ i? an arbitrary morphism in C and define fe'.R^Rhyfe— IRr{^ ® Wr). 
Since to^ is associative we get that /e is a morphism in Cr, and therefore the naturality of u implies 
that feUR = urJ^. This is equivalent to f^UR^'g^ = URf^T'g^ , and so with 

m^(Idi? a{u)){e Ids) = URq^ gie ® Ids). 

Since 

a{u)rng{i ®lds) = URT'^^mg{i i^lds) 

= URqR^si!lR®^'^s)ms{i®lds) 

= URqR s{ldR®rng{i ® Ids))(?7^ ® Idi?®s) 

= URqR,simLRiVj^ ® Idfi) » Ids) = URQ^ s, 

where in the last by one equality we used that {q^ g, R <^r S) is a coequalizer, we obtain that 

777,^(Idi? ® a{u)){e ® Ids) = a{u)rns{i ® Ids)(e ® Ids), 

for all e : 1 — >■ i?. The fact that 1 is a left Cg)-generator for C implies now that a{u) is left i?-linear 
as well, and thus an i?-bimodule morphism in C. 
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We claim now that a is an isomorphism with inverse defined by 

or\^) ^[vx^Tx~^:X®rS^X\ RnomniS, R). 

V ' XeCa 

One can easily see that v — {vx)xeCfi is completely determined by the property vxqx s ~ '^xi^'^x<^ 
'd), for any X G Cr, and this allows us to prove easily that v is indeed a natural transformation. 
Thus is well defined. Furthermore, a^^a{u) = a~'^ {urT'^ ) = {vx = TxUr'^'s )xeCR with 
vx characterized by the fact that vxQx.s — '^xi^'^x <S) a{u)). 

Take now e : 1 ^ X an arbitrary morphism in C and define = i^xi^ ® Wi?) : R ^ X . It is 
immediate that g^ is right i?-linear, hence by the naturality of u we have 

gMu) = g^URT'g^ = uxgeT'g^ = uxq§^si9<iVji Ws) = ^xgf ,5(6 ® Ids). 

But g^a{u) = u§^{e®ldR)a{u) — v'^{lAx®oi{u)){e®lds), so using again that 1 is a left (g)-generator 
in C we deduce that v^ildx <E) a(u)) = uxQx S' f*-"^ X in C. This implies vxQx s ~ s ^'^d 

since 5 is an epimorphism in C we conclude that vx = ux, for all X in C, and thus a~^a{u) — u. 
For -d g ijIIomfl'(5, i?) one have 

aa-\§) = a[{vx^Tx^:X®RS ^ X)xecn) 

= vrT's^ = vrQrARr ® Ids) = 4(Idfl ® ^){Vji ® Ids) = ^- 
Thus a and are inverses, as claimed. □ 

Lemma 3.3. Let C be a monoidal category with coequalizers and i : R ^ S an algebra extension 
in C with S a left coflat object. If 1 is a left ^-generator and any object of C is right cofiat then 

P : Nat(-, {-®rS)oF)^W := {e:l^ S®rS\ Ms»„s(Ids ® e) = 4®as{^ ® Ids)} 

given by /3{Q — CsVg ^■s ^^^^ defined and an isomorphism. 

Proof. Similar to the one of Lemma 13.21 First, observe that since (^5 is right 5-linear we have 

4^nsil3{0 ® Ids) = i^l^^siCs ® IdsKVs ® Ids) = Cs™s(^s «> Ms) = Cs- 
Let now e : 1 — > S* be an arbitrary morphism in C and define /ig — mg{e (g) Ids) ■ S ^ S. Clearly 
hf: is right S-linear, so by the naturality of C. we deduce that h^Cs = Cs^c- A direct computation 
ensures us that 

^e9s,s = 9s,s(22is(e Ids) ® Ids) = A*S8Bs(e ® Ids®Rs)'?f,s> 
thus /le = fJ-s^fisi^ ® Ids®fis)- From here we obtain 

Csms(e ® Ids) = Cs/i. = heCs = Ais®«s(Ids » Cs)(e ® Ids), 

for all e : 1 ^ S' in C. Using again that 1 is a left (X)-generator in C we conclude that Cs is also left 
S'-linear, and hence 

A^s«Hs(Ids «> /3(C)) = A*s«Hs(Ids «> Cs)(Ids ® ?Zs) = Csms(Ids ® ?Zs) = = f^l»«s(/5(C) Ids), 
proving that /3 is well defined. We assert now that /3 is an isomorphism. To construct its inverse 
we proceed as follows. If is a right S'-module in C then since 9Jl is right coflat we have that 

IdOT»s0rns(*®Ws) Ida,!®??, 

m(E)S(g)R(S>S ^ m(E)S(E)S >^ D]1(S)S(S)rS 

Idg;« (girrig (Ids (gilds 

is a coequalizer in C. Furthermore, the morphism q^ s(^ot Ids) fits in the universal property 
of this coequalizer, and so there is a unique morphism Cot ■ ^ (^S) S (>^r S* — ;> 971 ®fl 5* such that 
Cot (MoT <S) g|s) = (lm,si^m Ms)- 
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We claim now that : W Nat(-, (- S) o F) given by 

= (Cot = COT(IdOT ® e) : aJt ^ aJt ®fl S)^^^^ 
is well defined and the inverse of (3. To see that C|n is right 5-linear observe that 

Cmi'^in Ids(8ifis)(IdOT(giS <8) qs,s) = Cmii^<im ® qs,s){'^m Idsigis) 

= (lm,s('^mi'^m ^ Ms) <8) Ids) 

= «'ot,s(^^ot <^Ids)(Id5OT OlZls (Xilds) 

= CaK(Idajt <8) Ms®Bs)(IdOT»s ® gf,s), 

and since IdOT®s'H'9s s epimorphism (Olios' is right coflat) this shows that Cot('^ot®Msi8irs) = 
(^{Idtfft (8) /^Ii^hs)- '^'^^ latest equality allows us to compute 

Cm'^in = Cm(J^m «) e)^^ = Cmi'^m ® Ids®„s)(IdOT®s «> e) 

= COT(Id£Dt Ms®Bs(Ids ® e)) = C£Dt(IdOT ® ^'l0Hs(e ® Ids))- 
Similar arguments leads us to 

''m^nsiCm Ids)(IdOT ® gf,s Ms) = (^(IdOT (» i^s®Hs)(IdOT (E) qs,s ® Ms) 

and since 371 is right coflat and S is left coflat we deduce that ^'ot®rs(Cot'8'Ms) = CmO-'^w®'^S(»Rs)- 
From here it is immediate that 

''miSnsiCk ® Ms) = Cot(Mot ® t^|««s(e ® Ms)), 
and so is right 5-linear, as desired. Next, if / : OJt — > is a morphism in Cs then by arguments 
similar to the ones above we get that / Cot = C«n(/'SMs0Rs)- Thus fC^ = C<n(/'^Ms®Rs)(IdOT<S' 
e) = C(n(Idfn ^ e)f ~ Cmf^ ^^d this ends the fact that 13~^ is well defined. 

Let now ( G Nat(-, (— ®r S) o F) and e = that is e = Cs'rig- If 97t is a right S'-module 

and e : 1 — > 971 an arbitrary morphism then he = I'^nie ® Ms) : S — > SDT is right S'-linear. By the 
naturality of C we obtain that Cot^^c = ^eCs- Together with 

^eSs.s = <lm,s{^'^ Ms) = 9OT,s(z^OT(e ® Ms) Ms) = CotI^ <^ Ms®Rs)gs,s. 
this implies that 

Cotc = CmfleVg = ^eCsVs = CotC^ <8> Ids®Rs)e = Cot(Mot ^ e)e = (^e. 

By the assumption that 1 is a left (g)-generator for C we conclude that C = or, otherwise stated, 
^~^/3(C) = C- is also a right inverse for /3 since for any e G >V we have 

pp-\e) = p{C) = Cs!Zs = Cs(!Zs ® Ms®Rs)e = e, 
the last equality being a consequence of the following computation 

Cs(!Zs ® ^^s^rs)<Is,s = Cs(Ms ® ?s,s)(!Zs Ms®s) = QsA'^siVs ® Ms) Ms) = qs,s- 
So our proof is finished. □ 

One can prove now one of the main results of this section. 

Theorem 3.4. Let C be a monoidal category with coequalizers and assume that 1 is a left (g)- 
generator and that any object of C is right coflat. If i : R ^ S is an algebra morphism in C with S 
a left coflat object then the following assertions are equivalent: 

(i) The functor restriction of scalars F : Cs ^ Cr is a Probenius functor; 
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(ii) There exist an R-bimodule morphism § : S ^ R and a morphism e : 1 — > S' (8) it S in C such 
that the following diagrams are commutative 



Ids®e 



S®{S®R S) 



1 



■S®B,S 



1 



{S®rS)®S' 



s 



s 



Si 



'Si 



R 



r'7 



S(E)rS 



Ri 



Proof. From the comments made before Definition 13. II we have that is a Frobenius functor if and 
only if — S : Cr ^ C5 is a right adjoint for F, and from the previous two lemmas we have that 
the functor — (S)r 5 is a right adjoint for F if and only if there exist G ijHomj^ (S*, R) and e G W 
such that 

«f(ot)-P'(Cot) = Mot , y MeCs and {TJCx^rS = IdxanS , V X G C^, 



where v = a 



Tx^ ■.X(E)rS~>X 



XeCr, 



in Nat(Fo(-(g)^S'),-) and C := /3~^(e) 



in Nat(— , (— (giR S) o F) are the natural transformations 



{CIn = Cot (Wot ^e):m^m®R S)^^^^ 
defined by and e, respectively. 

We next prove that the first equality above is equivalent to the fact that the second diagram in 
(ii) is commutative. That the second equality above is equivalent to the fact that the last diagram 
in (ii) is commutative can be proved in a similar way, the details are left to the reader. 

Let us start by noting that w_f(ot)^(Cot) = Id^ for aU 9JI G Cs is equivalent to Tgji'i^COT(MOT<8'e) = 
Idgjt, for all sen G Cs, and since Tgjt is an isomorphism the latest is equivalent to i?COT(IdOT '8'e)TOT = 
Idgjtigifji? or, equivalently, to "i^Cgj^ (Idajt ^ ~ 1m R' ^ ^ ^s- immediate that all 

these equivalent conditions are also equivalent to 



(3.2) 



^CotIWot «> e){i^^(ldm ® i) <8 Ids8«s)(IdOT®_R ® e) = 9^ ^ , V G Cs- 



We claim that p.2p holds if and only if TsiSe — 77^. Indeed, observe first that a direct computation 
ensures us that 

'^CotI^OT ® Ids«,„s)(IdOT0S 'XXJs.s) = '7OT,_R('^OT(IdOT ® TOg) ??) = 7?COT(IdOT (» Cs)(IdOT(»S gf,s)- 

Since every object of C is right cofiat we get iJCotI'^ot ^ ^'^s^rs) = ^^CotCWot ^ Cs)i and therefore 
(|3.2p is equivalent to 

^COT(IdOT » Cs(Ids ® e)i) = g« „ , V G Cs- 



One can check easily that 



TottJCotCWot «> gs.s) = '^mi'^m ® ^) = ^^otIWot ® Ts7?)(Idan «) g|s), 



(Wot ® Tst?)- Hence p.2p is actually equivalent to 
i^OT(IdOT ® T57?Cs(Ids ® e)z) = , V »l G C5. 



and so Tm^Cm = ^ot 
(3.3) 

Notice that if TgjJCslIds ® e) = Ids then (13. 3p is satisfied since i'^(Idgr,j (g) i) 



OT' 



foraUOTGCs. 

The converse is also true since if we get VJl — S in p.3p with Vg = rug and compose it to the right 
with Ids ® Vr obtain 

Ids = ms(Ids ® Ts??Cs(Ids ® e);^^). 
Straightforward computations lead us to 

ms(Ids Ts)(Ids ® gffl) = msims «) «) = TfsMs®Hfl(Ids ® qs,R) and 

Ml®Ri?(Id5 ® ^)(Ids ® gf,s) = 9f,fl(zii5 ® ^) = ^Cs(Ids ® 95,5), 
and since S is right cofiat, too, we obtain 

(3.4) (ms(Ids ® Ts) = TsAif^^fl and /if^^flXlds 7?)= tSCs- 
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Notice also that 

Summing up we get 

Ids = ms(Ids ® Ts^e) = Tsfi§^^R{lds <E> de) = T5t?Cs(Ids ® e), 

as needed. Otherwise stated, we have shown that p.3p is equivalent to Tsi?^s(Ids e) = Idg. If 
we compose it to the right with rj^ we get 

i.e., the second diagram in the statement is commutative. Finally, if Tgi^e = rj^ we then have 

TsdCsilds e)^TsMf «,fl(Ids ® ^?)(Ids ® e)^ms{Us <E> Ts^e) = m5(Ids ® ry^) = Ids, 
and this finishes the proof of the theorem. □ 

The next result generalizes [H Theorem 27 1.&2.] to an algebra extension in a monoidal category. 

Theorem 3.5. Let C be a monoidal category with equalizers and assume that I is a left ®-generator 
for C. Let i : R ^ S be an algebra morphism in C with S a left coflat object. Then the following 
assertions hold: 

(i) // any object of C is right coflat then the restriction of scalars functor F : Cs ^ Cr is 
separable if and only if there exists a morphism e G W = {e : 1_ — > S®rS \ Ms®j?.s(-'-ds®6) = 
'^s^nsi^ Ids)} such that rn§e — r/^, where mg ; S (Sir S S is the unique morphism in 
C obeying rngq§ g = m^: 

(ii) The induction functor — (E>r, S : Cr — >■ Cs is separable if and only if there exists an R- 
bimodule morphism d : S R such that 'drj^ — rj^ . 

Proof, (i) The functor — (^r S* is a left adjoint of F, so by the Rafael's theorem (see Section [273]) it 
follows that F is separable if and only if the counit e defined in p.ip cosplits. By Lemma [3.31 this 
happens if and only if there is e G W such that if 



= {Cm = C2n(IdOT (Se):m^m^RS) 



meCs 



is the natural transformation associated to e as in Lemma 13.31 then e o (^'^ is the identity natural 
transformation of Ics- Clearly this is equivalent to the existence of an element e G W such that 

^CotCWot ® e) = Mot , V G Cs . 

Since iy^^C^{Um «> q§s) = '^wlm.si^m ^ I^s) = i^mi^m ® Ills) = '^mi^^m ® Z«s9s,s)' by the 
right coflatness of DJl we deduce that ^otCot = ^'otI^ot ® ™s)- Thus F is separable if and only 
if there exists e G W such that ^'^^(IdOT (S ELge) = Wot, for all 9Jl G Cs- If rnfe — rj^ then the 
latest condition is clearly satisfied. For the converse take dTi — S and Vg = mg. We then have 
2Tis(Ids ®rnge) = Ids, and therefore 

Vg = IRg{lds (8> mge)ri_^ = H^siVg ^ ^dg)mge = mge, 

as needed. 

(ii) Similar to the one given for (i), so we leave it to the reader. □ 
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4. FROBENIUS AND SEPARABLE ALGEBRA EXTENSIONS IN MONOIDAL CATEGORIES 

Let fc be a field and A a fc-algebra. We say that A is a Frobenius algebra iff A is isomorphic to its 
fc-dual A* := Horrid (A, k) as a left or right A-niodule, and we call A separable if the multiplication 
of A cosplits in the category of A-bimodules. It is immediate that these definitions can be adapted 
for an algebra in a monoidal category; note that in the Frobenius case the existence of the dual 
object of A can be avoided if we use the characterization of a Frobenius algebra given in terms of 
a Frobenius pair or the one given in the language of Frobenius functors. Concretely, we have the 
following notions. 

Definition 4.1. Let C be a monoidal category and A an algebra in C. 

(i) A is called Frobenius if there exists a pair e) with : A 1 and e : 1 — >■ A (g) A morphisms 
in C such that 

(m^ (g) ldA)(ldA «) e) = (Id^ ® TOa)!^ Ma) , ® ldA)e ^V^^ (W^ «> i^)e. 

(ii) A is called separable if there exists a morphism j : A ^ A (g) A oi A-bimodules such that 
m^7 = Ma, where both A and A^ A are viewed as A-bimodules via the multiplication rriA of A. 

It is clear that A is Frobenius in C if and only if the forgetful functor F : Ca ~> C is Frobenius, 
providing that 1_ is a left (gj-generator for C. Note that in this case the coflatness condition and the 
existence of the coequalizers in C can be deleted from the statement of Theorem 13. 4[ since when 
the algebra extension is given by the unit morphism rj^ :!_—>■ A the tensor product over the source 
algebra is just the tensor product (E) of C. 

In the separable case we have a similar result. 

Proposition 4.2. Let C be a monoidal category such that I is a left generator for C. If A is 
an algebra in C then A is separable if and only if the forgetful functor F : Ca ^ C is a separable 
functor. 

Proof. It is straightforward to see that an algebra A is separable if and only if there exists a 
morphism e : 1 ^ A A such that (m^ IdA)(IdA ® e) — {Ma ® IRa)(.^ Ma) and rriAe = rj ^. 
Indeed, for e as above if we define 7 = (m^ ® IdA)(IdA ® e) = (Ma ® g)iRa '^^ then follows that 7 
is A-bilinear and m 47 = Wa- Conversely, if 7 is an A-bimodule morphism in C then e — "/Vj^ 
the desired properties, we leave the details to the reader. 

But when 1_ is a left (g)-generator in C the existence of such a morphism e is equivalent to the fact 
that the functor F is separable, cf. Theorem 13.51 So our proof is complete. □ 

Definition 4.3. If A is a separable algebra in a monoidal category C we then call the morphism 
e : 1 A (E) A satisfying {rriA ® IdA)(IdA Cg) e) = (Ma O e)™^ and toa^ = Va separability 
morphism of A. 

Another characterization for a separable algebra can be given if we assume that the unit object of 
the category is projective. The result below is a straightforward generalization of the classical result 
asserting that an algebra A over a commutative ring k is separable if and only if A is a projective 
A-bimodule. 

Proposition 4.4. Let C be a monoidal category having the unit I a projective object. Then an 
algebra A in C is separable if and only if A is projective as an A-bimodule. 

Proof. Assume that A is a separable algebra and let e : 1 A (g) A be its separability morphism. 
Consider 9Jt A 91 ^> a short exact sequence of A-bimodules in C and f : A ^ '71 a. morphism in 
aCa- We have to show that there is an A-bimodule morphism 5 : A ^ SOT such that pg = f. 

If / := fr]^ then clearly / = ^^{Ma /) = '^m(f ^ Ma). Since 1 is projective it follows that 
there exists a morphism g : 1^ dJl in C such that pg = f. So if we define g : A dJl given by 
g = i^mifJ-m ® Ma) (Ma ® g (E) IdA)(mA ® Ma) (Ma ® e) 
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then g is A-bilinear since to 4 is associative and (to 4 ® Idyi)(IdA ® e) = (Idyi (g) e)TO 4, and 



P5 = ''mifJ-m® ) (Wa /?7^ ® Id^ ) ("Ia ) (Id 



A 



= i'OT(/®IdA)(mA«'IdA)(IdA«)e) 

= /zSaCWa «) IZlAe) = /22lA(IdA ® ?7^) = /, 

as required. 

Conversely, if A is projective in aCa then since to 4 : y4 v4 is an epimorphism in C it 

follows that there exists an A-bilinear morphism "/ : A ^ A (S) A such that to 47 = Ma, and so 
A is a separable algebra. Observe that for this implication we do not need the unit object to be 
projective. □ 

Motivated by the above results and the theory of Frobenius (respectively separable) algebra 
extensions in a category of vector spaces we propose the following terminology. 

Definition 4.5. Let C be a monoidal category with coequalizers and such that any object of it is 
coflat, and let i : i? — ^ 5' be an algebra extension in C. 

(i) We call the algebra extension i : i?, — > S Frobenius if there exist an i?-bimodule morphism 
•d : S ^ R and a morphism e : 1^ S0rS inC such that the three conditions stated in Theorem l3.4l 
(ii) are satisfied. If this is the case then we call the pair (t?, e) the Frobenius pair of the Frobenius 
extension i : R ^ S. Furthermore, we call •& the Frobenius morphism and e the Casimir morphism 
of the Frobenius algebra extension i. 

(ii) We call the algebra extension i : i? — > 5 separable if there exists a morphism e £ W = {e : 
1 — 5 Oi? S I fJ'S^nsO-^s ® e) = J^|®^s(e €5 Ids)} such that to^c = 77^, where rug : S ®b. 5 — s- S* is 
the unique morphism in C obeying rn§qg g = TOg. 

In the case when 1_ is a left (8)-generator for C the definitions above are equivalent to the fact 
that the functor restriction of scalars is Frobenius, respectively separable. We next show that these 
notions reduce to the notions of Frobenius, respectively separable, algebra in a suitable monoidal 
category, provided that an extra condition is fulfilled. To this end we first need a preliminary result. 

Lemma 4.6. Let C be a monoidal category with coequalizers and i : R S an algebra extension 
in C such that R is coflat and S is left coflat and left robust, so that S E hCr. Denote by fJ^'g^^s ~ 

TOgFg g g and i^'s^^s ~ ULs'^'s S S canonical morphisms in rCr that give on S (E)r S an S- 
bimodule structure in rCr, and by the multiplication of the algebra S in ^'rCr. Then there exists 
a one to one correspondence between W , the set of morphisms z : R ^ S ®r S in rCr obeying 

andW ^{e:l^ S®rS\ m|««s(Ws ® e) = i^|^^s(e ® Ids)}. 

Proof. Let us start by noting that S admits an algebra structure in 'i^Cr if and only if S admits an 
algebra structure in C such that the unit morphism i of S' in 'j^Cr becomes an algebra morphism in 
C. Then the i?-bimodule structure of S identifies to the one induced by i. 

Also, directly from the definitions it follow that the two structure morphisms ^'g^ g and v'g^ g 
are completely determined by the equalities 

I^S®rS1s,S'»rS — I^S<»rS ^Ild Vs(B)rS1S(S)rS,S — '^S<»rS ' 

respectively. 

Now, if e is an element of W' we then claim that e = zrj^ : S (^r S belongs to W. Indeed, 
rS _ ,.'S ::„R nA ^„ \ _ ..'S „R ^ \ ^ ..S 



Ms(5«seTs^ = Ms»Hse9ts(Ids ® 77j^) Ms®Hs9fs®Hs(Ids ® eyy^) = ^f^^^sCWs ® e), 

'^ScSRsi 



and, similarly, v'g^ g^'^'g ^ — J^f^ gie (?) Ids), proving the commutativity of the first diagram in 



the statement (ii) of Theorem 
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Conversely, if e is in W we then define e = IJ'S(»^si'^ ® That e is left i?- linear follows easily 
from the fact that /if^^s defines a left 5'- module structure on S^uS and since i is an algebra map, 
the details are left to the reader. It is also right i?-linear since 

= i^l»Bs(e®Ids)2ns(*®*) 
= A*58fls(Ws ® e)imj^ = emu, 

as needed. Furthermore, since cr/^ = /if ^^^(i ® = l^s^nsiVg ® Ids(g)Rs)e = e, as in the case 
of the first correspondence one have that 

^^'s^nS~^^s' = Mf»H5(Id5 ® e) = i^l^^sie <E> Ms) = 'y'sl^sKs'' 

and so e is an element in W'. We also have shown that W 9 e i-^ e ^ zrj^ — e. Using that an 
element e is left _R-linear we get that 

W 3 c^e = tri^ ^ mI®hs(« ® 0(ldfl ® V^) = tmji{lAR ® ij^) = e, 
and this finishes our proof. □ 

Proposition 4.7. Let C be a monoidal category with coequalizers and i : R ^ S an algebra extension 
in C such that R is coflat and S is coflat and left robust, so that S £ rCr- Then the following 
assertions hold. 

(i) The extension i : R ^ S is Frobenius if and only if S is a Frobenius algebra in ^'rCr. 

(ii) The extension i : R ^ S is separable if and only if S is a separable algebra in )^Cfl . 

Proof, (i) By Definition 14. 1 1 applied to 5* G ^'rCr wc have that 5 is a Frobenius algebra in ^rCr, if and 
only if there exists a pair e) with -d : S R and t : R ^ S ®r S morphisms in rCr such that 

MscSfiSeTg^ = v's®ns~^'^'s'^ ' TsiJe = i and T'^iJe = i, 

where /z'^^ g and y'g^ g are the morphisms in rCr defined in the statement of Lemma 14.61 

We show now that to give a pair {i), e) as above is equivalent to give a pair {{}, e) with i? : 5" — >■ i? 

morphism in rCr and e : 1^ S (E)r S morphism in C such that the three diagrams in Theorem [33] 

(ii) are commutative, and this would end the proof. 

Indeed, e can be obtained from e as e = erj . Then by Lemma [4.6l the first diagram in Theorem l3.4l 

(ii) is commutative; the commutativity of the other two follow easily by composing the remaining 

properties of e to the right with rj^. 

Conversely, to a pair {■&, e) corresponds {d, e) with e = g{i^e). The first required property 

on e is satisfied because of Lemma 14.61 Moreover, by a direct computation we can check that 

nisii (S> Ids)(Idfl (E) Tst?)(Idfl (g) q§^s) = ms(™s(* ® Ids) ® «^?) = Tsi?Aisc3Hs(Idfl <E> gf;^), 

and thus mg{i <E) Ids) (Id/? ® T51?) — Tsz^/i;^^^^, since R is right cofiat, too. One then have 

Tsdc = T5t?Ms»^s(Idi? ® e) = msit <E> Ids)(Idfl Ts^e) = ^^(Ids ® ^5)* = 

as required. In a similar manner we can show that T^iJe — i, we leave the verification of the details 
to the reader. 

(ii) Similar to the one above. By Definition |43] 5* is a separable algebra in 'rCr if and only if there 
exists c S W' such that rn§e — i. Hence it is sufficient to show that the bijection in Lemma [4.61 
behaves well with respect to the extra property of e. So we show that giving an element e G W" 
such that mg e = i is equivalent to giving an element e £ W such that mge = rj . 
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Indeed, on one hand, to e £ W' corresponds e — er;^, and so m^e — rn§eri^ = irj^ — rj^, a.s 
desired. On the other hand, if e e W such that m^e — r/^ then since e = Ms(gi^s(^ ^ ^) have 

as needed. Note that (*) is a consequence of the fact that S is right coflat and nis'l^s^nsi^'^s ® 
9s,s) = 'H^si'ms ® Ids) = IIis(Ids mfgis). □ 

Corollary 4.8. Let C be a monoidal category for which any object is coflat and left robust and such 
that 1 is either a projective object or a left (^-generator for C. If i : R S is an algebra extension 
in C with R separable then S is separable if and only if the algebra extension i : R S is separable. 

Proof. Assume first that 1 is projective. By Proposition 14.41 we know that R, the unit object of 
rCu, is projective in rCr. Hence the algebra extension i : R S is separable if and only if S is 
a separable algebra in rCr, if and only if S is projective as an S'-bimodule in rCr. But s{bCr)s 
identifies with sCs, as any object of s{rCr)s inherits the i?-module structures from the S'-module 
ones (due to the i?-balanced conditions) . Thus the algebra extension i : R ^ S is separable if and 
only if S is projective in sCs, and since 1 is projective this is equivalent to the fact that is a 
separable algebra. 

Assume now that 1_ is a left (gi-generator for C. Since i? is a separable algebra in C it follows by 
Proposition |4?2] that the forgetful functor F' : Cr ^ C is separable. Now, the extension i : R ^ S is 
separable if and only if the restriction of scalars functor F : Cs ^ Cr is separable, cf. Theorem 13. 5| 
and again by Proposition 14.21 we have that 5 is a separable algebra in C if and only if the forgetful 
functor F" : Cs ^ C is separable. 

Thus, if the extension i : R ^ S is separable then according to [9l Proposition 46 (1)] the functor 
F" = F' o F is separable, and so S" is a separable algebra in C. Conversely, if S is separable then F" 
is a separable functor and since F" = F' o F by [H Proposition 46 (2)] we get that F is a separable 
functor, and hence the extension i : R S is separable. □ 

A result of Eilenberg and Nakayama asserts that any separable algebra over a field is a Frobenius 
algebra (even more, it is a symmetric algebra, see [12]). As we explained in Introduction, it is 
an open (and quite difficult) problem to see if this result remains true in the setting of monoidal 
categories. Nevertheless, what one can prove is a sort of converse for the above result. It measures 
how far is a Frobenius algebra to be separable. 

Proposition 4.9. Let A be a Frobenius algebra in a monoidal category C and (v, e) a Frobenius 
pair for A. Then A is separable if and only if there exists a morphism a : 1 ^ A such that 
ELAilRA ® Ma) (Idyl ® a (g) IdA)e = ?7^. 

Proof. Assume that A is separable and let e : 1 ^ A (g) A he a, separability morphism for it. If we 
define a := (Ma ® 1^)^ : 1 — )• A then 

(tti^ IdA)(IdA (8) a (g) IdA)e = (ttj^ ® IdA)(IdA®A (g (g IdA)(IdA ® e (g) IdA)e 

= (IdA <E)i'<E) IdA)((zziA ® IdA)(IdA <E) e) (g) IdA)e 

= (Wa <8> g) IdA)(IdA g) ELa ® IdA)(IdA®A ® e)e 

= (IdA g) (i^'X'IdA)(IdA ®2SA)(e'8)IdA))e 

= (Ma <8>ZB;a((i"8' IdA)e (g) IdA))e 

= (Ma O mAilj^ ® MA))e = e, 

from where we get that TO^(m^ ® IdA)(IdA ® a® IdA)e = m^e = r]^, as desired. 

Conversely, let a : 1 — >■ A be a morphism in C satisfying the condition in the statement. Then a 
simple computation ensures us that e :— (rri^ ® Ma) (Ma ®a® IdA)e : 1 — > A ® A is a separability 
morphism for A, and so A is separable. □ 
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Corollary 4.10. Let C he a monoidal category with coequalizers and i : R ^ S a Probenius algebra 
extension in C such that R is coflat and S is coflat and left robust. Then the extension i : R S 
is separable if and only if there exists a morphism aQ : 1 S in C such that 

ZHsii ® do) — ing{ao (g) i) and rn§ toJ Ids ® ao ^ — Vg: 

where e : 1 ^ S (E)r S is the morphism in C associated to the Frohenius extension i : R ^ S as in 
the proof of Proposition |-^.7| 

Proof. By Proposition 14.71 we know that i : R S is a. Fobenius/scparable extension if and only 
if S' is a Frobenius/separable algebra in j^Cr. If we denote by (j^, e) the Frobenius system of 5* in 
nCu then S is separable in j^Cr if and only if there exists a : i? — > 5* an i?-bimodule morphism in 
C such that 

mgnigaT g e = i. 

Clearly a is uniquely determined by a morphism ao : 1. — > S" obeying rugd ao) = ELsi^o ® 
Also, by Lemma we have that e is completely determined hy e = eri : 1^ S ^rS, a.n element 
in W. Finally, since mgCeTg^ = mg{ldg Oao) it follows that S' is a separable algebra in 'f/Cn if and 
only if there exists ao : 1 S a, morphism in C satisfying the two conditions in the statement. So 
we are done. □ 



5. Further characterizations for monoidal Frobenius algebra extensions 

In view of Proposition l4.7l it is clear that characterizing Frobenius or separable algebra extensions 
is equivalent to characterizing Frobenius or separable algebras, of course if some coflatness and 
robustness properties are satisfied. We will do this in the next results. In the Frobenius case we do 
not have to assume from the beginning that the category is rigid (see the definition below). As we 
will see the existence of the dual object for a Frobenius algebra in a monoidal catgory C is automatic. 
The result can be viewed as the analogue of the classical result asserting that a Frobenius algebra 
in a category of vector spaces is always finite dimensional. 

Recall that an object X of a monoidal category C admits a left dual if there exist an object X* 
in C and morphisms evx ■ X* ® X ^ 1 and coevx : 1 — >■ X (g) X* in C such that 

(5.1) (Idx ® evx ) (coevx (g) Idx ) = Idx and (evx ® Idx * ) (Idx • ® coev^ ) = Idjf . . 

X* X i 

In what follows we denote evx — and coevx = ■ Hence, the following relations hold: 

i X X' 



(5.2) 



X 



X 




X 

~[~ and 

X 



X* 




X* 



X* 

I 

X" 



If any object of C admits a left dual we then say that C is left rigid. 

Likewise, C is right rigid if for any X ^ C there exist an object * X G C and morphisms ev^ 
X ® *X ^land coev^ : l^*X ®X such that 



(5.3) (evx Idx)(Idx coev^) = Idx and (Id.x ® ev^)(coev^ (g) Id-x) = Id-x- 
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X *X 



In what follows we will denote ev'^ ^ and coev'. 



'X 



be written as 



(5.4) 



"X X 



Then the relations above can 



X 




X 



X 

~[~ and 

X 



*x 




"X 



*x 

I 

*x 



respectively. Thus a right dual for X in C is nothing than a left dual for X \nC, the reverse monoidal 
category associated to C (C is the category C endowed with the reverse monoidal structure of C, 
that is, with the tensor product ® = ® o t, where r:CxC^CxC is the switch functor). In 
what follows by (p, A) : F H X we denote the fact that Y with p -.1^ X ®Y and X :¥ ® X I 
is a left dual for X or, equivalently, that (X, p, A) is a right dual for Y . The pair (p, A) is called an 
adjunction between Y and X. 

Consider A an algebra in a monoidal category C that has a left dual object A* (respectively a 
right dual object *A). Then it is well known that A* (respectively *A) is a right (left) A-module 
via the structure morphism 



A* A 



I 



A* 




A *a\ 



respectively 



V 




Finally, if X is an arbitrary object of C and B : A® A ^ X ys, b. morphism in C we then say that 
B is associative if and only if B{rn^ Id^i) = B{ldA (8) I21a)- 

One can now present characterizations for Frobenius algebras in arbitrary monoidal categories, 
so not necessarily rigid monoidal. Most of them are collected from [Ml |4T1 |42l |47] . 

Theorem 5.1. Let C be a monoidal category and A an algebra in C. Then the following assertions 
are equivalent: 



(i) 
(ii) 
(iii) 
(iv) 

(v) 
(vi) 

(vii) 
(viii) 



A is a Frobenius algebra; 

A admits a left dual A* and A is isomorphic to A* as a right A-module; 
A admits a right dual * A and A is isomorphic to * A as a left A-module; 
A admits a coalgebra structure (^, A^,£^) in C such that is an A-himodule map, where 
both A and A® A are considered bimodules via the multiplication m ^ of A; 
A admits a right dual *A and there exists a morphism B : A i® A ^ 1 that is associative 
and such that <I>^ := (Id^^i (K) i?)(coev^ (E> Id a) : A ^ * A is an isomorphism in C; 
A admits a left dual A* and there exists a morphism B : A® A ^ 1 in C that is associative 
and such that $^ := {B (g) Idyi*)(IdA ® coev^) : A ^ A* is an isomorphism; 
There exists an adjunction {p, X) : A -\ A for which X : A® A 1 is associative; 
There exists an adjunction (p. A) : A ^ A such that X = t^m 4 for some : A I morphism 
in C. 

Furthermore, if 1 is a left (^-generator then the above assertions are also equivalent to 

(ix) — ® S : C ^ Cs is a right adjoint for the forgetful functor F : Cs ^ C or, in other words, 
F is a Frobenius functor. 



Proof. We sketch the proof. For each implication below the complete proof can be found in the 
quoted references or can be done directly by the reader. 
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(«) <^=> (ii). This is pointed out in Proposition 2.1]. Consider {d,e) a Frobenius system for 
A and define evA — "dm a ■ A (E) A ^ 1 and coev^ — e : 1 ^ A ^ A. Then one can see easily 
that {A, evA, coev^) is a left dual for A and, moreover, that the right action of A on this left dual 
coincides with the multiplication of A. Then A has a left dual and is isomorphic to it as a right 
A-module. 

For the converse, let ^ ; v4 — > A* be a right A-linear isomorphism in C and define 

A 1 

^.^ande.^, 
i A A 

where ip is the inverse of ^. Then (d, e) is a Frobenius pair for A, and therefore A is a Frobenius 
algebra. 

(ii) O [iii). Follows from [TU Lemma 5]. 

(a) <^ (iv). See for instance [14, Propositions 8& 9]. A direct proof, based on a monoidal 
approach, is the following. 

Let A* be a left dual object for A and : A ^ A* a right A- module isomorphism in C. Since 
the left dual functor ()* : C ^ C°^^^ is monoidal the left dual A* admits a coalgebra structure in C, 
and therefore in C as well. If we transport this coalgebra structure on A through the isomorphism 
\1/ we get that A admits a coalgebra structure in C. More precisely, with 



A 




A A 



A becomes a coalgebra in C where, as before, ip stands for the inverse of ^. Using that ^ is right 
A-linear we get that is an A-bimodule morphism in C, as desired. 

Conversely, if A admits a coalgebra structure (A, A^, e^) such that A^ is an A-bilinear morphism 
then A itself together with ev^ = e^m^ : A^ A ^ 1 and coeval — A^ry^ : 1_ ^ ^ <8' ^ is a left dual 
for A. Furthermore, the right action of A on this left dual of it is just m^. Thus A admits a left 
dual and is isomorphic to it as a right A-module. 

{iii) <^ (v) and {ii) {vi) follow from [T3J Proposition 9]. 

The implication (vii) =J> (vi) is trivial. To prove (vi) ^ (vii) we proceed as in the proof of |41j 
Theorem 1.6] or |42j Theorem]. Namely, if A* is a left dual object for A and : A ^ A* is a right 
A- module isomorphism with inverse ^ then it can be easily verified that ((Idyi (8) V')coev^, evyi(^' 
Id^)) : A -\ A is an adjunction for which evyi(4' Ma) : A® A ^ lis associative. 

(vii) =>• (via). If A is associative then ?9 :— A(?7^ ® Ma) = A(IdA €5 r]^) is the desired morphism 
since t^rn^ = A. The converse is also true because fJm^ is clearly associative. 

The equivalence between (i) and (ix) follows from the comments made before Proposition 14.21 so 
our proof is finished. □ 

Since Frobenius algebra extensions are particular cases of Frobenius algebras in monoidal cate- 
gories we get the following list of characterizations for a Frobenius algebra extension. 

Corollary 5.2. Let C be a monoidal category for which any object is coflat and left robust. Then 
for an algebra extension i : R ^ S in C the following assertions are equivalent: 

(i) The extension i : R ^ S is Frobenius; 
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(ii) S admits a left dual object in rCr and S and are isomorphic as right S -modules in 
rCr; 

(iii) S admits a right dual object in rCr and S and are isomorphic as left S-modules in 
rCr; 

(iv) S admits a coalgebra structure in rCr, that is an R-coring structure, such that the comul- 
tiplication morphism is S-bilinear in rCr. 

(v) S admits a right dual in rCr and there exists a morphism B : S ®r S ^ R in jiCr 
that is associative and such $^ := T^gSS'^^ ^ ^coevgT^^ : S — )■ ^5 is an isomorphism 
in rCr; 

(vi) S admits a left dual in rCr and there exists a morphism B : S ®r S ^ R in rCr that 
is associative and such that :~ T'g^]3T'g ^ ^^coevsT^^ : S — > is an isomorphism in 
rCr; 

(vii) There exists an adjunction (p, X) : S ^ S in rCr, for which A : S ®r S ^ R is associative; 

(viii) There exists an adjunction {p, X) : S* H S* in rCr such that X = for some i9 : S* — ?> i? 
morphism in rCr. 

Furthermore, if R is a left ®r- generator for rCr then the above assertions are also equivalent to 

(ix) — ®R S : rCr — rCs is a right adjoint of the forgetful functor F : rCs rCr or, otherwise 
stated, F is a Frobenius functor. 

So if an algebra extension i : i? — > 5* in C is Frobenius then S has left and right dual objects in 
rCr. In the sequel we go ftirther with this observation, by investigating when the existence of the 
dual object of S in rCr implies the existence of the dual object in C, and vice- versa. The final aim 
is to characterize the Frobenius property of an algebra extensions i : i? — S* in terms given by the 
algebras R and S. We shall see that this is possible in the case when R is Frobenius and separable. 

We start by presenting connections between the existence of the dual of an object X in rCr and 
the existence of the dual of the same object X, considered now as an object in C via the canonical 
forgetful functor il : rCr —> C. In this direction, it is well-known that a strong monoidal functor 
preserves duals. Even more, it has been proved in [10, Theorem 2] that this remains true in the 
weaker hypothesis when in place of a strong monoidal functor we consider a Frobenius monoidal 
one. So a partial answer to our problem is offered by the case when il is a Frobenius monoidal 
functor. This is why we start by giving a necessary and sufficient condition for which il is Frobenius 
monoidal. 

Recall first from [JSJ Definition 6.1] and [TUl Definition 1] the concept of (separable) Frobenius 
monoidal functor. 

Definition 5.3. Let (C, ®,i) and [V, □, /) be (strict) monoidal categories and ^ : C ^ T> & functor. 

(i) ^ is called monoidal if there exist a family of morphisms 02 — {(f>x.Y ■ ^{X)D^{Y) — ^ 
^{X eg) Y))x,Y&c, natural in X and Y, and (po ^{1) morphism in T> such that, for all 
X,Y,Z G C, the corresponding diagrams in ()5.5|) are commutative. 

(ii) ^ is called opmonoidal if there exist a family of morphisms ip2 = H^x.y '■ d{X (g) F) — 
^{X)0^{Y))x.Y£C, natural in X and Y, and ipo ■ i?(i) ^ L morphism in V such that, for 
all X,Y, Z ^ C, the corresponding diagrams in (|5.5p are commutative. 

^(x)am)a^(z) , ■^ :^(x^y)d:^(z) , 

V'x,ynid3(z) / 

^{X)nd{Y (g> Z) '■ 'S{X®Y® Z) 

4>X,Y®Z 

(5.5) 



Idj(x)n0l',z 
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■4>i,x 



t>l,x ^3(X) 



T-<i3(x)Oil'o 



SHx) 



Sirx) 



: d{x)nd{i) 

M>x,i 

-d{x®i) 



(iii) We call 5^ Frobenius monoidal if ^ is equipped with a monoidal {4>2t4>o) ^^id comonoidal 
(^2, V'o) structure such that, for all X, F, Z e C, the diagrams 

(5.6) 



^{X®Y)U^{Z) 



':S{X)Ud{Y)Ud{Z) , ^{X)D^{Y^Z) 



^^(X)^^Y,Z 



d{x)nd{Y)n^{z) 

0x,i'nid5(z) 



^(x r ® z) '^'^ dix ® y)n;j(z) 



are commutative. If, furthermore, 4>x,y'4'x.y ~ Idg(x®y)i for -'f, G C, wc then say 
that 5^ is a separable Frobenius monoidal functor, 
(iv) ^ is called strong monoidal if it is a separable Frobenius monoidal functor, 4'x,y is an 
isomorphism for all X,Y eC (and thus ~ 4'x.y), and 0o and ■00 are inverses of each 

other. 



We leave to the reader to check that 



= (<^Jf,Y = qx,Y ■■ X (g)Y ^ X (g)R Y)x,YeRCR and 
4>o = V„ ■ 1^ R define on the forgetful functor il : jiCr C a. monoidal structure. We refer to it 
as being the trivial monoidal structure of the functor il. 

The next result gives the connection between the notions of Frobenius monoidal functor and 
Frobenius monoidal algebra. It improves and at the same time generalizes [45, Lemmas 6.3 & 6.4]. 

Theorem 5.4. Let C be a monoidal category with coequalizers and such that any object of it is 
coflat and left robust. If R is an algebra in C then the forgetful functor it : hCr C endowed 
with the trivial monoidal structure (g:? _,?y^) is Frobenius if and only if R is a Frobenius algebra. 
Furthermore, if this is the case then the opmonoidal {ip2i4'o) structure of ii is uniquely determined 
by a Frobenius structure of R, in the sense that there exists (f?, e) a Frobenius pair for R such that 
ipQ — 1} and 



(5.7) 



i'2q^,- ■■= {i^x,Yqx,Y) 



X,Y&iiCr, 



X 



'M?)(Id 



X 



■Idy)) 



x,YeRC 



Proof. Assume that the functor il admits a Frobenius monoidal structure. Then by |10[ Corollary 
5] il carries Frobenius algebras to Frobenius algebras. Since i? is a Frobenius algebra in j^Cr (as 
it is the unit object of a monoidal category) we get that i? is a Frobenius algebra in C, as needed. 
Note that an alternative proof for this implication can be obtained from [45l Lemma 6.3]. It has the 
advantage that we can obtain the coalgebra structure (A,£) of i? in C as follows. If ('02, V') is the 
comonoidal structure of il that together with the trivial monoidal structure gives on il a Frobenius 
monoidal functor structure then A = ipn^jiTl^^ : R^ R(^ R and e = ^po ■ R ^ 1, respectively. 

Conversely, suppose that i? is a Frobenius algebra in C and let {d, e) be a Frobenius system 
for R. For X, F G rCr denote by ipx,Y the morphism in C uniquely determined by "ipxxlx y ~ 
{v^ ® ^P)(Idx ®e® Idy). Note that (i/| ® AiP)(Idx ®e® Idy) : X F -> X ® F fits in the 
universal property of the cooequalizer 



5Idv 



X(i)R®Y' 



' X' 



Ix.Y 

Y ^X(g,BY 



Idx«iMp 



22 



DANIEL BULACU AND BLAS TORRECILLAS 



since {ruj^ (g) Id7?,)(Id_R ^ e) = {Mr (g) mR){e ® Mr). Now a simple computation shows that the 
diagrams in ()5.5p and (|5.6|) are commutative, and so il is a Frobenius monoidal functor. 



It remains to prove that if {q^ _,ri ^,ip2,ipo) defines a Frobenius monoidal functor structure on 
il then there exists (i?, e) a Frobenius system for R such that the comonoidal structure (^^2, V'o) of 
il is completely determined by it, in the sense that V'o = and 1/^2 is defined by (|5.7|) . To this end 
we first show that ipxx is i?- bilinear for any X,Y ^ rCr. 

Indeed, if we take Z = i? in the first diagram of (I5.6P we then have 

(Idx ® «> Mr) = i^XX®aR^'x,YM<lX®i,YM- 

Composing the both sides of the above equality to the right with Idx ® Ty , and taking in consid- 
eration that the diagram 

X®r{Y (g>R R) ^ X(S,{Y(E,rR) 



Ty 



X(g,RY •■ ^X(g,Y 

is commutative {ipx,- is natural and Ty : Y ®r i? — > y is a morphism in rCr) we deduce that 

{Mx®V^){'4^X,Yqx.Y®^<^R) = i^X,Y^Yqx.Y®RR{^'^X®qY.,R) 

= ■>Px,Yqx.Y(^'^X ®V^) 



^X,Yv'i(g,^Y{(lX,Y ®^<^ 



R) 



Hence (Idx ^ ® Mr) = iIjx,y'^x^rY' ^^"^ shows that i/jx,y is right _R-linear in C. 

Likewise, if we take X = i? in the second diagram in (|5.6I) and use the fact that (Ty ®> 

Mz)'4'R(s>rY,z = '4'Y,z'^Y is natural and Ty : R (E)r F — ?> F is a morphism in rCr), by 

a computation similar to the one above we get that ipY,z is left _R-linear, for all Y, Z d rCr. 
Therefore '02 is defined by a family of i?-bilinear morphisms in C, as desired. 

Now, if we define A := '>j}R,R^~R = i^R,R^ r"^ : R ^ R® R'lt then follows that A is _R-bilinear. 
So A is uniquely determined by e := Ayy^^ : 1 ^ R ® R, a morphism in C which has the property 
that {niR ® IdK)(IdR ® e) = {Mr ® rnR){e ® Mr). 

We claim that e determines completely ■02- Indeed, if we take F = i? in the first diagram of (|5.6p 
and use the naturalness of ipx.- for the morphism T'^ : R ®r Z ^ Z in rCr, we obtain 

{Mx®^JLz){'4>x.Rqx,R®^'^z) = {Mx®Vz){Mx®q^^z){i'x.,Rqx,R®^'^z) 

= '4>x,z"i:'z<lx,R®uz{^^x ® qR^z) 
= V'x,zgiz(Idx ®/if)- 
Composing the both sides of the latest equality to the right with Idx ® rj^® Mz we deduce that 
i^x,zqx,z = (Idx ® /if )(^x,flT-i ® Idz), for aU X, Z £ rCr. 

Similarly, take F = i? in the second diagram of (|5.6p and use {T x ®Mz)iPx®rR,z — ipx,z^x to 
get 'il'x,zqx z — i^x ® Idz)(Idx ® ipR,z'^ z^), for all X,Z & rCr. Combining these two equalities 
we get 

^x^zqx^z = {^x ® Idz)(Idx ® i^R,zqR,zi!lji ® Wz)) 

= {iy§ ® Idz)(Idx ® {Mr ® Aii)(V^fl,flT^i^^ ® Mz)) 
= {ly^®Mz){Mx®{MR®^l^){e®Mz)) 
= {iy§ ® Hz)(i<ix ®e®Mz), 
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for all X, Z G rCr, as claimed. Furthermore, it is immediate now that the commutativity of the 
two square diagrams in (|5.5p is equivalent to (-00 <8> Id_R)e = 77 and (Id/j (E> i^o)e = 77^, respectively. 
In conclusion, (i? = i/jq, e = 4'r,R^r^Vr) is a Frobenius system for R and determines completely 
the opmonoidal structure {'4'2,'4'o) of il. This finishes the proof. □ 

Corollary 5.5. Let C be a category with coequalizers and such that any object of it is coflat and 
left robust. If i : R ^ S is a Frobenius algebra extension in C and R is a Frobenius algebra in C 
then S is a Frobenius algebra in C, too. 

Proof. Since i? is a Frobenius algebra in C we have that the forgetful functor il : rCr — > C is 
Frobenius monoidal, so it carries Frobenius algebras in rCr to Frobenius algebras in C. The fact 
that z : i? — > is a Frobenius algebra extension is equivalent to the fact that is a Frobenius 
algebra in rCr, cf. Proposition 14.71 Thus S = ii{S) is a Frobenius algebra in C. □ 

Corollary 5.6. Let R be a Frobenius algebra in a monoidal category C with coequalizers and for 
which any object is coflat and left robust. If X E rCr admits a (left) right object in rCr then it 
admits a (left) right dual object in C, too. 

Proof. Follows from the fact that a Frobenius monoidal functor behaves well with respect to dual 
objects, see [ini Theorem 2]. Actually, if (p. A) -.Y-IX is an adjunction in rCr then 

p':- (l^^R^^X ®rY ^^X (x)Y) andA'= {X ®Y X ®rY R-^ I) 

defines an adjunction (p',A') :Y^XmC^ where {ip2,fpo) is uniquely determined by a Frobenius 
system (??, e) of R as in Theorem 15.41 □ 

Corollary 5.7. In the hypothesis and notions of Theorem \5.4\ we have that il : rCr C is a 
separable Frobenius monoidal functor if and only if R is a Frobenius separable algebra in C. 

Proof. It is obvious. Note only that the condition 4'x,y'>Px,y = Idx^HYi for all X,Y E rCr, is 
equivalent to mj^e — rj^^. □ 

We focus now on the opposite direction. As we will see we need this time il to be a separable 
Frobenius monoidal functor. 

Proposition 5.8. Consider R a Frobenius separable algebra in a monoidal category C with coequal- 
izers and with the property that any object of it is coflat and left robust. Let (d, e) be a Frobenius 
pair for R, a : 1 ^ R as in Proposition \4.9\ and (p. A) : Y ^ X an adjunction in C. 

(i) IfY has an R-bimodule structure in C then X has an R-bimodule structure in C, too, and 
via these structures the morphisms 

PQ^{R S- X(E)Y(E)R ^ X(g)R(g)Y(g)R X (E,Y — ^ X (E,rY ) 

and Ao : Y ()Sir X ^ R uniquely determined by 

Xoq§x ^{Y^X R®R<S)Y(S)X ^ R®Y^X R ) 

define an adjunction (po, Aq) :Y ^ X in rCr. 

(ii) Similarly, if X admits an R-bimodule structure in C then Y admits an R-bimodule structure 
in C as well, and via these structures the morphisms 

p" = {R ^ R(E)X(E)Y — ^ i? ® X (g) i? (g. r — — ^ X (E)Y — ^ X (g)RY ) 
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and A° : Y X ^ R uniquely determined by 



R) 



define an adjunction (p", A°) : y H X m rCr. 



Proof. We prove only (i). The proof of (ii) is similar, and can be obtained from that of (i) by 
reversing the structures, and so the diagrammatic computations as weh, through a mirror. In other 
words the statement (ii) is the statement (i) for the monoidal category C, where C is the reverse 
monoidal category associated to C. 

R Z 

(i) From now on, for Z a left i?- module in C we denote by the structure morphism /uf . 

Z 

Z R 

Similarly, if Z is a right i?-module in C then the structure morphism will be denoted by ^ . 



Also, for the Frobenius separable system (e, ^, a) of R, and respectively for the morphisms of the 
adjunction (p. A) : y H X, we will use the following diagrammatic notations. 



i? i i Y X 

, ^ = , a = _© , and p = , A = ^ , respectively, 

i R X Y 1 



R R 



With their help define the morphisms 6 : R^ X <^Y and 7 : y (g) X — > i? given by 



R 



Y X 



@ 



and 7 : 



X Y 



R 



Furthermore, if Y is an ii-bimodule in C we then define on X the following left and right i?-actions. 



X R 



R X 



and v 



X 
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respectively. In fact, it can be easily checked that fx^ yields a left i?-module structure on X and 

since 

X R R 




X 

X R R 




X 



it follows that X is a right i?-modulc in C via too. It is, moreover, an i?-biniodule because of 
the defining properties of an adjunction and since Y is so, we leave to the reader the verification of 
these details. 

It is clear that po = ^Ixy- ^ simple computation based on the properties of an adjunction 
and on the fact that Y is an i?-bimodule ensures us that 7 fits in the universal property of the 
coequalizer 

Y®R(E)X : Y(E)X Y(E)rX . 

Thus there is a unique morphism Xq : Y (s^r X ^ R such that Xoqy^x — 1- 
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The morphisms po and Ao constructed above are morphisms in rCr. For instance, 



AoMr®Rx(Idii«)9r,x) = 



Ao5r,x(Mr ® Wx) = 7(My ® Id^) 
R y X 

R Y X 




Y X 



R 



R 



mjj(Idij 07)= 2nij(Idi{ (g) Ao)(IdK ^qyx)^ 



and this shows that Aq is left i?-Unear in C. Similarly, 



Y X R 




R 



Y X R 




= mfl(7 <8> Idij) = mjj(Aogy X Idx), 



R 



and so Aq is right i?-linear, too. In a similar manner we can show that po is i?-bilinear, once more 
we leave the details to the reader. 

It remains to prove that (poi Aq) : 5^ H ^ is an adjunction in rCr. Towards this end we compute 



TxXo^'x,Y,xPo'^x^ = ^xXo'S'x^y,xQx^hY,x 
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X 

as required. Analogously we have TyXoVy x yPo^y^ — Wy- This ends the proof. 

□ 

Corollary 5.9. Let R he a Frobenius separable algebra in a monoidal category C with coequalizers 
and such that any object of it is coflat and left robust, and let X be an R-bimodule in C. Then X 
admits a (left) right dual in rCr if and only if X admits a (left) right dual in C. 

Proof. The if part follows from Corollary 15.61 For the converse, if X has a (left) right dual {X*) 
*X then we have an adjunction ((evx,coevx) : X* H X) (ev^,coev^) : X H *X in C. Since 
X is an i?-bimodule in C it follows that we have an adjunction (((evx)°, (coevjf j'^) : X* H X) 
((ev^)o, (coev^)o) : X H *X in rCr, cf. Proposition l5.8l This finishes the proof. □ 

We are now in position to prove one of the main results of the paper. 

Theorem 5.10. Let C be a monoidal category with coequalizers and such that any object of it is 
coflat and left robust. Let R he a Frobenius separable algebra and i : R S an algebra extension 
in C. Then i : R S is Frobenius if and only if S is a Frobenius algebra in C and the following 
equality holds 



S R 




1 
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where e) is a Frobenius pair for R and ("i?, e) is a Frobenius pair for S , respectively. 

Proof, li i : R ^ S is a. Frobenius algebra extension with R a Frobenius separable algebra in C 
then we have seen that S* is a Frobenius algebra in C fCorollarv 15. 5p . Furthermore, ii d : R ^ 1 
and 'd' : S ^ R are the Frobenius morphisms corresponding to R and to extension i : R ^ S, 
respectively, then S is Frobenius with Frobenius morphism given by i? = "dt}' . Consider now e the 
Casimir morphism of the Frobenius algebra R, corresponding to i?. Since ??' is a morphism in rCr 
we compute that 



SR. S R 




as wished. Conversely, assume that S* is a Frobenius algebra in C and let (i9,e) be a Frobenius pair 
for it. By Theorem 15.11 we know that S admits a right dual object *S in C and, moreover, the 

S 



morphism ^ : S —?■ *S given by $ 




is an isomorphism of left S"- modules in C. This comes 



out explicitly as 



s s 



"S 



*s 
s s 




s s s 



s s s 



and implies \ ® = 



1 



By Corollary 15.91 we have that * 5 is an i?-bimodule in C via the structure morphisms given by 

*5 R. 



R S 




and i/?^o 
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Observe that /i?^. is nothing that the restriction at R of the canonical left S'-module structure on 
*S via the algebra morphism i : R ^ S. Thus $ is left i?-linear. $ is also right i?- linear since with 
the help of (|5.8p we compute that 



S R 



S R 



S R 




as needed. Therefore $ : S" —t- *S' is an isomorphism in rCr and a left S'-module morphism in C. 
We show next that $ is a left S- linear morphism in bPr between S and *S, where *S' is considered 
this time as the right dual of S in rCr. According to Corollary 15.21 this would end the proof. 

Indeed, recall that *5' is also a right dual for S in rCr via the evaluation and coevaluation 
morphisms in rCr completely determined by 



S *S 




and coevg := (coev5)o — q.g goS — q. 




*s s 



R S 

respectively. Thus, if /z.^ denotes the left S'-module structure of *S in rCr then 



1^*3 1s,*S 



= T,sev'^ms'^'s,s,'S^''S,s,s<g>R-sq^S0RS,s®n'siqPs,sS ® Ids»H*s) 
(Id;^^®9|.s)(r?^®Ids®.s) 

= T.sev'/22lfr's_s,-sAsc3«(Sc5«-5)(Id-s ® q^s<»n's)ihR ® 9s,*s) 



T 



'seyfm§q?s. 
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S "S 



S "S 




*s *s 

Using the above equality we have that $ is left S*- linear in rCb. if and only if 

that is, if and only if $ is left S'-linear in C. So our proof is finished. □ 

We look now more carefully at the relation (|5.8p . In the case when C is a category of vector spaces 
it says that the restriction at R of the Nakayama automorphism of 5* is equal to the Nakayama 
automorphism of R. Our next aim is to provide a similar interpretation for (|5.8|) in a more general 
setting. Namely, the one provided by sovereign monoidal categories. Recall that a monoidal category 
is called sovereign if it is rigid and the left ()* and right *() duality functors coincide. Note that 
braided monoidal categories are examples of sovereign monoidal categories, so the theory below 
applies to them. For more about braided categories and duality in monoidal categories we invite 
the reader to consult [Sj [19] . 

The Nakayama automorphism of a Frobenius algebra in a sovereign monoidal category C was 
introduced in [Tl] . More exactly, if A is a Frobenius algebra then by Theorem 15.11 we know that 
A admits left and right dual objects. Since the category C is sovereign we have *A — A* :— A, as 
objects in C. Then the Nakayama automorphism of A is defined as being 

A A A 




A^ A , and has the property that 




A 1 
where {'&, e) is a Frobenius pair for A. TV is a unital algebra isomorphism in C, cf. [14, Proposition 
18]. 

Theorem 5.11. Let C he a sovereign monoidal category with coequalizers and such that any object 
of it is coflat and left robust. Let R be a Frobenius separable algebra in C and i : R ^ S an algebra 
extension. Then i : R ^ S is Frobenius if and only if S is Frobenius in C and Af o i — i o J\f , where 
N and N are the Nakayama automorphisms of S and R, respectively. 
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Proof. In view of Theorem 15.101 it is enough to prove that ()5.8p is equivalent to Af o i — i o J\f. To 
this end denote by (e, •&) and (e, t?) a Frobenius pair for R and S, respectively. Since C is sovereign 

S S S S 



monoidal we have that *e = e*, and this amounts to 



Also, in the proof 



1 1 

of implication (i) =^> (iii) in Theorem 15.11 the isomorphism $ : 5 — > *5' = 5* of left ^'-modules in C 

S 



and its inverse (j) are given by $ 




S 



and 



, respectively. 



s 

Thus we have that Af o i = i o J\f is equivalent to 

S R S R 



R 



R 








S R 



1 1 

5 R 




e 




1 © 






S R S R 

S R 



4^ 




Finally, we compute that 



S R 
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finishing the proof of the Theorem. 



□ 



6. Applications to wreaths 

As we already noticed, Theorem 15.11 can be also specialized either for a monad in an arbitrary 
category or for a monad in a 2-category. Actually the former is a particular case of the latter if we 
regard the monoidal category of endofunctors as an one object 2-category. This is why we restrict 
ourselves in presenting some characterizations for (separable) Frobenius monads in 2-categories only. 
These will be used later on for the characterization of a (separable) Frobenius wreath extension in 
a monoidal category. 

Let U be 0-cell in a 2-category K,. Then IC{U) :— JC{U, U) is a monoidal category. The objects 
are 1-cells U ^ U, morphisms are 2-cells, and the tensor product is given by horizontal composition 
of 2-cells. The unit is Ijj, the unit 1-cell on U. With this simple observation in mind it is immediate 
that a monad in a 2-category K, is nothing than an algebra in a monoidal category IC{A), for a 
certain 0-cell ^ of /C. 

Recall that a monad {A, t, /i, 77) in /C is called Frobenius if there exist 2-cells 1} : t ^ 1a and 
e : 1^ => <t such that the diagrams below are commutative 



e©li 



ttt 



ItQe 



ttt 



Ia 



>tt 



tt 




i?©lt 



t 




lt©i? 



A simple inspection shows that {A, t, /i, r/) is Frobenius if and only if {t, /i, i]) is a Frobenius algebra 
in the monoidal category IC{A), so Theorem 15.11 applies. Note that the existence of a left (right) 
dual for an object u : A ^ Am the monoidal category IC{A) reduces to the existence of a left (right) 
adjunction for u in the 2-categorical sense. Namely, u has a left dual if there is a 1-cell v : A —i' A 
and 2-cells l : 1a =^ uv and j : vu ^ 1a such that (lu i)(''0 1«) = lu and (i lt,)(lt, 1) = !„. In 
this case we say also that u is a right adjoint to v and denote this adjunction as before, (/,, j) : v -\ u. 
In what follows the vertical composition in IC will be denoted by juxtaposition. 

Corollary 6.1. Let IC be a 2-category and A — {A,t,fi,ri) a monad in IC. Then the following 
assertions are equivalent: 

(i) A is a Frobenius monad; 

(ii) {t,fj,,ri) is a Frobenius algebra in the monoidal category 1C{A); 

(iii) t admits a coalgebra structure in the monoidal category IC{A), say {t,6 
such that 

(It ti){S It) = (5^ = (^ lt)(lt 6); 

(iv) There exists an adjunction (p. A) : t -\t such that X{fi It) = A(lt fJ.); 

(v) There exists an adjunction of the form (p, i^/i) : t -\ t, with -d : t ^ 1a a 2-cell in IC. 

Proof. The equivalence between (i) and (ii) follows from the comments made above. The statements 
in (ii), (iii), (iv) and respectively (v) are precisely the ones in (i), (iv), (vii) and respectively (viii) 
in Theorem 15. 1[ specialized for the case when the monoidal category is K,{A). We leave the details 
to the reader. □ 



t ^ tt, e : t ^ 1a), 



Of course we could add to Corollary 16.11 another four equivalent statements, namely the one 
corresponding to (ii) , (iii) , (v) and (vi) in Theorem 15.11 but for later use we prefer to keep only 
those that can be formulated in terms of the monad, and so to don't involve the existence of a dual 
object for the monad that is different from the monad itself. Also, remark that (ix) in Theorem 15.1 
cannot be specialized for monads in 2-categories; it can be applied only in the situation when 1a, 
the unit object of IC{A), is a left ^-generator for IC{A). Nevertheless, a more general treatment in 
this direction can be found in |23j . 
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In the separable case we have a monoidal interpretation for the notion, too. First, a monad 
{A, t, /i, T]) in a 2-category JC is called separable if the multiplication /z splits as a t-bimodule, in the 
sense that there is a 2-cell j : t ^ tt in K. such that the diagrams below are commutative 



tt ttt 



tt : 



701t 



m 



UQfJ. 




tt 



tt 



The proof of the next result is immediate, so we will omit it. 

Proposition 6.2. For a monad A ~ {A,t,fi,ri) in a 2-category /C the following assertions are 
equivalent: 

(i) A is separable; 

(ii) {t,iJ,,r]) is a monoidal separable algebra in JC{A); 

(iii) There exists a 2-cell e : 1a ^ tt such that the diagrams below are commutative 



t 



e01t 



ttt 



lt0e 



ttt 
M01t 

tt 




tt 



t 



We move now to the Eilenberg-Moore 2-categories. Namely, to a 2-category K. we can associate a 
new 2-category EM{IC), called the Eilenberg-Moore category associated to K., cf. [H]. The 0-cells 

in EM{1C) are monads in K., 1-cells are the monad morphisms and 2-cells (/, "0) ^ )- (g, 0) are 



2-cells /: 



> gt in /C obeying the equality 

(Ig pLt){p lt)i^ = (Ig ^lt){(|> lt)(ls P). 



The vertical composition of two 2-cells (/, ip) 



=^ (5: </>) =^ 7) is given by 



==^ (h, 7) , p' ° P-= (l/i Mt)(p' lt)P; 



while the horizontal composition of two cells 

(/,'/') (9,0) 

is defined by (5, (/))(/, ip) = (5/, (Ig 1/') o (</> 1/)), etc. and gf ==^ g'f't given by 
p'(Z)p:= (Ig' 1/' pt){lg' QpQ h){lg' i^)ip' 1 /)• 

The identity morphism of the 1-cell (/, ip) is 1/ 774, and for any monad A = (A, t, pt, Vt) in ^ we 
have (1a, «a) = ((1a, It),??*)- 

Motivated by the theory of entwined modules in C-categories [3 , we are interested to study 
when the "algebra" extension produced by a monad in EM{JC) is Frobenius, respectively separable. 
Note that a (co)monad in EM{1C) is called a (co)wreath, so the main goal of this section is to see 
when an algebra extension defined by a wreath is Frobenius, and respectively separable. As we will 
see we can reduce this problem to the study of an algebra extension in a suitable monoidal category. 
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According to PP, a wreath is a monad A = {A, t, ii, -q) in /C together with a 1-ceh A — A 

^ CJ C 

and 2-ceUs ts > st , 1a > st and ss > st satisfying the foUowing conditions: 

(6.1) (1. fi){ij it)(it V) = tpifi 1.) , ^l^iv Is) = 1. ?7 ; 

(6.2) (1, /i)(V' lt)(lt a) = (1, ^l)ia 1*) ; 

(6.3) (1, m)(V' it){U = (1. m)(C it)(i« V')(V' 1.) ; 

(6.4) (1, m)(C it)(i. C) = (1. m)(C U){is V')(C 1.) ; 

(6.5) (1, 0//)(C0lt)(l. 0'^) = 1.0'7 ; 

(6.6) (1, fi){C lt)(l. i^){<7 Gls)^lsQv ■ 



Lemma 6.3. Let K. be a 2-category. Then a wreath in K, is nothing that an algebra in a monoidal 
category of the form EAI{IC){A), where A is a 0-cell in EM{1C), that is, a monad in IC. 

Proof. As we already have mentioned for several times, since EM{1C) is a 2-category it follows that 
for any 0-cell A = (A, t, rj) of EM{IC) we have a monoidal structure on the category EM{IC){A). 
Furthermore, since a wreath is a monad in the 2-category EM{JC) it then follows that a wreath is 
an algebra in a monoidal category having the form mentioned in the statement. 

For later use and also for the sake of the reader we next describe these structures explicitly. 
Namely, 

• the objects of EM{1C){A) are the 1-cells of EMiJC) from A to A, that is, monad morphisms 
(s, from A to A; 

• if {s,ip) and (s'jip') are monad morphisms from A to A then a morphism between (s, V') 
and (s', V'O in EM(K:)(A) is a 2-cell p : {s,ip) ^ (s', V'') in EM{K.); 

• the composition of two morphisms in EAI{1C){A) is defined by the vertical composition of 2- 
cells in EM{JC) and the identity morphism corresponding to an object (s, -0) of EM{1C){A) 
is Is ?7, where stands for the horizontal composition of 2-cells in /C; 

• the monoidal structure is defined by the horizontal composition of 2-cells in EM{IC). More 
precisely, if {s,ip), {s',ip') are objects of EM{IC){A) we then define 

(s, V) (s', V') = (s', ^'){s, ^) = {s's, (V-' ls){ls' ^) ■■ s'st ts's), 

and if p : (5,-0) =^ (/iT) ^nd p' : {s',ip') (/',7') are two morphisms in EAI{1C){A) we 
then have p = p' p as a 2-cell in EM{JC), 

p®p' : {s, i;) (s', tA') = {s's, (^' ls){ls' V)) ^ (/'/, il' 1/)(1/' 7)) = (/, l) (/', V); 

• the unit object of EM{IC){A) is (l^,lf) and for any object (s, ■0) of EM{IC){A) we have 
Id(s,v.) = Is J?- 

Now it can be easily verified that (s, ijj) : A — > A is an object of EM{IC){A), i.e. a monad morphism, 
if and only if (|6.1|) holds. Then (s, -(/;) has an algebra structure in EM{1C){A) if and only if there 
exist C, : (s, V") is,tp) — >■ {s,tp) and a : (l^i. It) {s,^) morphisms in EM{IC){A) such that ( is 
associative and cr is a unit for The latest assertion can be restated in terms of the structure of /C 
as follows: 

• ( and a are 2-cells in /C, C : ss st and cr : l^i => si, such that (|6.3p and (|6.2p hold; 

• C is associative if and only if (|6.4[) is fulfilled; 

• cr is a unit for C if and only if (|6.5p and (|6.6p are satisfied. 

Thus our proof is complete. □ 

Remark 6.4. Using arguments similar to the ones above we get that a cowreath in IC, that is a 
comonad in the 2-category EM{]C), is nothing than a coalgebra in a monoidal category of the form 
-EM(/C)(A), where A is a suitable monad in K,. 
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From now on we denote a wreath in EM{IC) by {A, t, /z, r], s, ip, (, a) or, shortly, by (A, s, tp, (, a) 
in the case when the structure of the monad A = {A, t, /z, rj) is fixed from the beginning. Following 
pi] to such a wreath we can associate the so-called wreath product. That is the monad in /C, 



A^st, ^st ■ Stst''^=^=4>- SStt °® ggf 



Coit 



stt 



st , a :1a 



> st 



Otherwise stated, the wreath product is a monoidal algebra in }C{A). The same is {t,^,ri) and we 
have L := (Is /i)(tT It) : t ^ st an algebra morphism in JC{A) since 

f^sti^QL) = (ls0^)(C0li)(ls0ls0Ai)(ls0M0lt)(ls0lt0O(t0lt) 

{Is m)(C (1. lt))(V' It U){ls lt)){L It) 

(Is m)(C lt)(ls (1. Ai)((ls It) lt))(t It) 
(Is m)(C lf)(ls (1. Ai)(CT lf)M)(t If) 
(Is fi){ls It Ai)(C If lf)(ls (cr lf)Ai)(t If) 
(Is A')(C lf)(ls cr) lt)(ls M)(t It) 

(ls0M)(t0lt) 
(Is fi)ils It Ai)(cr If If) = (Is m)(o- lt)M = 

and ii] = (Is Ai)(CT lt)»7 = (Is ^(If v))'^ = o-- 

Definition 6.5. The canonical monad extension associated to a wreath (A, s, C, cr) in K, is the 
monad morphism (1^, t) : A — > (A, st, figt, c) in /C. We call this canonical monad extension Frobe- 
nius, respectively separable, if IC{A) admits coequalizers and any object of it is coflat, and, moreover, 
the associated algebra extension l : t ^ st is Frobenius, respectively separable, in the monoidal cat- 
egory IC{A). 

Due to the monoidal flavor of the above definition we have the following characterizations for the 
canonical monad extension associated to a wreath to be Frobenius. 

Tlieorem 6.6. Let {A,t, fi^rj, s,ip,C, c) be a wreath in K,. Then the following assertions are equiv- 
alent: 

(i) {A,t, fi,ri, Sj-ijjjC., a) is a Frobenius monad in EM{1C), that is a Frobenius wreath in JC; 

(ii) {s,ip) is a Frobenius algebra in the monoidal category EAI(IC){A); 

(iii) (s,'0) admits a coalgebra structure in EM{IC){A) with the comultiplication structure mor- 
phism {s,ip) -bilinear, that is there exists a cowreath structure in JC of the form 



(A, s, "0, s ■■ 



sst 



t) 



such that 

{Is Q Is & fi){S G lt)C 



(Is Is m)(1s C U){ls Is ^){S Is) 

(Is Is m)(1s 0^-0 lf)(C Is lt)(ls S); 

(iv) There exists an adjunction (p. A) : {s^ip) H {s,ijj) in EAI{IC){A) such that A is associative, 
this means, 

fi{\ it)(is V)(C Is) = m(a if)(is C); 

(v) There is an adjunction (p. A) : {s^ip) H {s,ip) in EM{IC){A) with A having the form A = 
fi{'d lt)C : ss t, for some 2-cell d : s ^ t in K. 

If IC{A) admits coequalizers and any object of it is coflat then (i)-(v) above are also equivalent to 

(vi) The canonical monad extension associated to {A,t, ii,ri, s,ip,C,,a) is Frobenius. 
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Proof. The equivalences between (ii), (iii), (iv), (v) and (vi) follow from Corollary 16 . 1 1 applied to the 
monad {A, t, ^, 77, s, tp, a) in the 2-category EM{IC). The difficult part is to prove the equivalence 
between (i) and (vi), providing that JC{A) admits coequalizers and any object of it is coflat. 

(i) <^ (vi). We have that l : t ^ st is a Frobenius extension if and only if there exist 2-cells 
■i5 : => < and e : lyi => (st) ®t (st) in K. such that is t-bilinear and the diagrams in Theorem 13.41 
(ii), specialized for the context provided by the category C — IC{A), are commutative. 

It is obvious to check that giving a t-bilinear morphism : st t in IC{A) is equivalent to giving 
a morphism <; : s ^ t in K. such that 

(6.7) ^(^0lt)^ = ^(lj0<^) :ts^t. 

Indeed to 1} corresponds <j = ^{Is ??), while can be recovered from i; as -d = /i(<j If). Note that 
(|6.7p is imposed by the right t-linearity of 

Similarly, thinking in the monoidal sense, we have 

{st) 0f {st) = (t s) ®t {t s) t s s = sst, 

and so to give e is equivalent to give a 2-cell k : 1a =^ sst in /C. Now, as in the previous proofs 
involving coequalizers, one can show that the pair (z?, e) is a Frobenius pair for the extension 
t : t st if and only if <j satisfies (|6.7p and the following equalities hold. 



[l.s /i)(ls V' lt)(ls M l.t)(C ltst)(ls V' lst){lst k) 

(6.8) = {UsQ ti){lsQ(:Qlt){lsssQ fJ-){lss&i^Qh){KQlst); 

(6.9) cr = (I3 0^)(1, 0<^0 lt)K = {ls&ti){TpQlt)){<,Qlst)K. 

We claim now that (|6.8I) is equivalent to the following two equalities: 

(6.10) {IssQ ^^){KQlt) = (1,3 0Ai)(ls0^/'0lt)(V'0lst)(lt0«) and 

(6.11) {Iss /i)(l. V' lt)(C lst)(ls k) = (Iss Ai)(ls C lt)(ls. V')(k Is). 

This would have as a consequence the following equivalence: (i?, e) is a Frobenius pair for l : t ^ st 
if and only of there exists a pair (<; : s =^ t, k : 1^ sst) such that ()6.7p . (|6.10p . (|6.1ip and ()6.9p 
hold. But these relations have the following meaning: 

• (|6.7p says that : (s,?/;) (1^, It) is a morphism in EM{JC){A); 

• (|6.10p says that k : {1a, It) => (s, -0) (s, V') = (ss, (V' ls)(ls "0)) is a morphism in 
EM {]C){A) as well; 

• (|6.1ip expresses the commutativity of the diagram 

(S, 0) ^ ^ (S, -0) {S, 1p) (S, 0) 



C«ild 



Id(3 ^)®C 

(S, 0) (s, V) (s, 0) ^ ^ (S, 0) (s, 0) 

in EM{IC){A), and 
• (|6.9p can be restated in terms of the monoidal structure of EM{IC){A) as 

((U, It) (S, V) (S,0)'?^^"'(S, V)) = = ((U, It) (S,^) (S, V)"-^\s, V)). 

Thus (?9, e) is a Frobenius pair for i : t st in IC{A) if and only if {<;, k) is a Frobenius pair 
for (s, 0) in EM{IC){A), as desired. 
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So it remains to show that ()6.8|) is equivalent to (|6.10p and (|6.11|) . Towards this end, we first 
show that by composing the both sides of (|6.8|) to the riglit with (l^ /i)(cr It) we get (|6.10p . 
Indeed, on one hand we have 

(Is, ^i){ls V' h){ls 0^0 l^t)(C V' k){1s H){(T If) 

(1,, fi){ls V' h){ls l.t)(C hst){ls V-Cm 1.) lst){lstt K){cr It) 



Ism 

= (1,, fi){ls V' lt)(l. Ai(lt Ai) 1st) 

(C lttst)(l. (V- lt)(lt V-) lst){cr l.t.t)(lt At) 
= (Is. 0Ai)(ls0V'0lt)(l. 0Ai0l.t) 

((Is m)(C lt)(ls V')(cr Is) ltst)(V' lst)(lt k) 

= (l,3 0/i)(ls0?/'0lt)(V'0lst)(lt0K)- 

On the other hand, using (I6.2p and (|6.5p we deduce that 

(Iss Ai)(ls C lt)(lsss Ai)(lss !*)(« lst){ls M)(f^ It) = (Iss /i)(«: It), 

as required. In a similar manner, if we compose the both sides of (|6.8p to the right with 1^ 77 we 
obtain (|6.11|) . and this is essentially due to the second equality in (|6.ip . 
For the converse, (|6.10p and (16. lip imply (|6.8I) since 

(1,, fl){ls C U){lsss f^){lss V' lt)(K 1st) 

(Iss M)((1ss Ai)(ls C lt)(lss 1.) It) 

(Iss M)(lsst M)(1s 0^-0 ltt)(C lstt)(ls QkQU) 
= ^ {Iss /i)(ls 0^-0 lt)(C lst)(ls {Iss M)('« It)) 

(Iss /i)(lss lt)(ls V' ltt)(C lstt)(lss V' lt)(ls 0^-0 lst)(lst k) 
= {Iss M)(1s (Is M)(V' lt)(lt V-) lt)(C ltst)(ls 0^-0 lst)(lst k) 
= {Iss m)(1s 1/' lt)(ls M lst)(C ltst)(ls 0^-0 lst)(lst k), 

as desired. This finishes the proof of the theorem. □ 



We focus now on the separability case. Similar to Theorem 16.61 we have the following character- 
izations for the canonical monad extension associated to a wreath to be separable. 

Theorem 6.7. Let (A, t, a*, ry, s, -0, C: o") a wreath in K.. Then the following assertions are equiv- 
alent: 

(i) (A, i, /i, ?7, s, ^, C, tr) is a separable monad in EM{}C), that is a separable wreath in K,; 

(ii) {s^Tp) is a separable algebra in the monoidal category EM {]C){A). 

If JC{A) admits coequalizers and any object of it is cofiat then (i)-(ii) above are also equivalent to 

(iii) The canonical monad extension associated to {A,t, fi,r], s,ip,C, c) is separable. 

Proof. The wreath {A, t, fj,, -q, s, if), ^, a) is actually a monad (s, ■(/') in EM(/C)((A, t, /i, 77)) and more- 
over, it is separable if and only if {s,^) is so within the monoidal category EM(/C)((A, ^, 77)). 
This shows the equivalences between (i) and (ii). Furthermore, one can see easily that both are 

equivalent to the fact that there exists a 2-cell (1a, It) ==^ (ss, (Is V')(V' Is)) in EM(/C)(A), 
that is, a 2-cell e : 1^ sst in IC for which the diagram 

(6.12) t^^sstt >sst 
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is commutative, such that the following equalities hold: 

(6.13) (1, (1, m)(C lt)(ls ^))(e 1.) = (1. (1. fiM lt))(C ^st){ls e), 

(6.14) (1, 0^)(C0lt)e = a. 

We prove now the equivalence between (i) and (iii), so we are in the hypothesis that EM(/C)(A) 
admits coequalizers and every object of it is coflat. Then the extension l : t ^ st is separable in 
IC{A) if and only if there exists a 2-cell e : 1a :=> (st) 0t {st) in IC that belongs to W and obeys 
C*e = a, where W is the set defined in Theorem 13. 5[ specialized for the category JC{A). As in 
the proof of Theorem 16.61 one can easily verify that this is equivalent to the existence of a 2-cell 
e : 1a sst in K, such that (j6.14p is satisfied and 

(1, {Is m)(C m)(1s h)){e 1st) 

(6.15) - {Is (Is m)(V' lt))(C Is m)(1s (Is V^)(V' Is) h){lst e). 
Actually, by (|6.ip it follows that (|6.15l) is equivalent to 

(Is (Is m)(C Ai)(ls 0^0 lt))(e 1st) 

(6.16) = (Is (Is m)(^ U){p lst))((C lt)(ls V') lst)(lst e). 

We state that (|6.16p is equivalent to (16.121) and (|6.13p . and this would end the proof. Indeed, if 
we compose the both sides of (I6.16|) to the right with Is we then get (|6.13p . To get (I6.12p we 
compose the both sides of (|6.16l) to the right with i = (1^ ^){ip It) (It Q a) : t ^ st. On one 
hand we have 

(Is (Is m)(^ lt)(M lst))((C h){ls V') lst)(lst e)(ls m)(^ lt)(lt cr) 

(Is (Is Ai)(V' lt)(Ai lst))(C ltst)(ls i^{p Is) lst){i^Qtsst){hst e)(lt a) 
(Is (Is m)(V' lt)(Ai lst)(lt M 1st)) 
((C ltt)(ls V' lt)(lst ip){il^ Its) lst)(ltst e)(lt a) 
(Is (Is Ai)(V' h){p lst))((ls m)(C lt)(ls V')(V' Is) Itst) 
(lts0V'0lst)(ltst0e)(lt0cr) 

(Is (Is ^^){4' lt)(Ai lst)(lt M lst))((^/' lt)(lt C) ltst)(lts V' 1st) 
(lt0(T0lsst)(lt0e) 
(Is (Is Ai)(V' lt)(Ai lst))(V' Itst) 
(It (Is m)(C lt)(ls i'){cr Is) lst)(lt e) 
(Is (Is m)(^ lt))(V' lst)(lt e). 
On the other hand, 

(Is (Is m)(C m)(1s 0-0 lt))(e lst)(ls m)(V' lt)(lt cr) 

= (Is (Is m)(C A'))(las (V' lt)(lts M))(lsst (V- lt)(lt cr)){e It) 

(Is (Is m)(C lt))(lsss Ai)(lss (1st fi){^ ltt))(lsst (V' lt)(lt <y)){e It) 
(Is (Is m)(C lt))(lss (Is m)(V' lt)(lt 'J)){lss M)(e It) 
(Iss M(lt m))(1s C ltt)(lss (ct lt)Ai)(e It) 
(Iss m)(1s (Is m)(C lt)(ls tr) lt)(lss M)(e It) 
(Iss 0M)(e0 It)- 

Comparing the results of the above two computations we deduce (|6.13p . as stated. The converse is 
also true since 

(Is (Is Ai)(C m)(1s lt))(e 1st) 

(Iss m)(1s (Is m)(C lt)(ls V') lt)(e 1st) 
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{Iss m(m h)){ls V' ltt)(C lstt)(ls e It) 
= ^ {Iss lt)(C {Iss M)(e It)) 

(1,, ^)(1, 0^0 lt){lsts m)(C l.t.)(l.. h){ls Q^Q lst){lst e) 
= (1,, ^(It fi)){ls (V' lt)(lt lt)(C ltat)(ls l.t)(lst e) 
= (1. (1. m)(V' lt)(M lst))((C lt)(l. V') l.t)(l.t O e), 

as required. So our proof is complete. □ 



We end this section by specializing Theorems 16.61 and 16.71 to the case when /C = C, a monoidal 
category regarded as an one object 2-category. It was explained in [7] that a wreath in C is a pair 
{A,X) with A an algebra in C and (X, cr) an algebra 7^. Here Tf denotes the monoidal 
category EAI{C){A), and the notation is justified by the fact that is a generalization of the 
category of transfer morphisms through the algebra A in C, Ta, previously introduced by Tambara 
in [46]. Note that -ip : X ig) A ^ Aig) X , ( : X (g) X ^ A® X and cr : 1 A X are morphisms in C 
satisfying seven compatibility relations, namely the ones in ()6.ip - (|6.6|) specialized for this particular 
situation. 

For a wreath {A,X) in C we denote by the associated wreath product. A^^.^.^^ 

is an algebra in C and a induces an algebra morphism t = ?Ti^(Id^ cr) : A ^ A^^^c^^^X in C. 
Furthermore, the wreath algebra A-^^,(^,„X is also an A-ring in C, that is an algebra in the monoidal 
category 'jsCa, providing that A,X are left coflat objects. In fact, one of the main results in [7] 
asserts that we have an A-ring structure on A® X with the left A-module structure given by m 4 
if and only if {A,X) is a wreath in C. Anyway, when A^^^^q^^X is considered as an A-ring we will 
denote it by A X. Remark that this double structure is possible in view of the comments made 
at the beginning of the proof of Proposition 14.71 

We have now the following characterizations for Frobenius/separable wreaths in monoidal cate- 
gories. 



Corollary 6.8. Let C he a monoidal category and {A, X, ip, a) a wreath in C. Then the following 
assertions are equivalent: 

(i) {A, X, ip, (t) is a Frobenius wreath in C; 

(ii) {X, ip) G 7^ is a Frobenius monoidal algebra; 

(iii) {X,ip) admits a coalgebra structure {X,ip,6, /) in such that S is X -bilinear, that is there 
is a cowreath structure in C of the form {A, X, ip, S, f) such that 



XX XX 



X X 



A X X A X X 




where 5 = 



X XX 

and C = 



A X X AX 



A XX 



(iv) There is an adjunction (p. A) : (X, -0) H (X, in with A associative or, otherwise stated, 
there exist morphisms p: l^A®X(i)X and \ : X ® X ^ A in C such that the following 
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relations are satisfied: 




A XX 



A XX 



X 



X X A 



X X A 











A 













X 



_L 




A X 



X 



X X A 



X 



X 



XXX 



A 



(v) There is an adjunction (p, A) : {X, ip) H {X, ijj) in with A of the form A = m j^jldA ®<i)C,, 
for some morphism <; : X ^ A in C, or, in other words, there exist morphisms p : 1 — >■ 
Ai^i X iSi X and <; : X ^ A in C such that the conditions in (iv) above are fulfilled if we keep 
p and replace A with m^(Idyi ® <;)C- 

If C admits coequalizers and any object of it is coflat then (i)-(v) are equivalent to 

(vi) t : A — > A^tp^q^c^X is an algebra Frobenius extension in C; 

(vii) A® X is a Frobenius algebra in \Ca, i-S-, a Frobenius A-ring, 

and if, moreover, 1 is a left (^-generator for C then all the statements from (i) to (vii) are also 
equivalent to 

(viii) The functor restriction of scalars F : Ca#,i, ^ ^ Ca is a Frobenius functor. 



Proof. The equivalences between (i)-(v) follow from Theorem l6.61 as well as their equivalences with 
(vi), providing that C admits coequalizers and any object of it is coflat (since, in the notations of 
Theorem 16.61 we have IC{A) — C). 

From Proposition 14.71 we get the desired equivalences with (vii), and in the extra hypothesis that 
1_ is a left ^-generator for C we can apply Theorem l3.4l to get the ones with (viii), respectively. Note 
that, since A® X is always left robust in C, for the equivalences with (vii) we need only A, X to be 
coflat objects. □ 



Corollary 6.9. In the hypothesis and notations of Corollary 1 6. 8\ the following statements are equiv- 
alent: 

(i) (A, X, -(/;, C, a) is a separable wreath in C; 

(ii) The algebra {X, ip, a) in Ta is separable; 
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(iii) There exists a morphism e:l^A(x)X'S)X such that 



X 



X 



X X 




X X 



A XX 




A X 



A X 



A XX 

If C admits coequalizers and any object of it is cofiat then (i)-(iii) are equivalent to 

(iv) b : A ^ A^^, (^ ,jX is a separable algebra extension in C; 

(v) A® X is a separable algebra in 'j^Ca, that is, a separable A-ring, 

and if, moreover, 1 is a left (^-generator for C then (i)-(v) are also equivalent to 

(vi) The restriction of scalars functor F : Ca#^ ^ „x C-a is separable. 

Proof. The equivalences between (i), (ii) and (iv) follow by specializing Theorem 16.71 for the case 
when /C is C, a monoidal category. The statement (iii) is an explicit description of the separability 
morphism of a separable algebra in Ta . Finally, the equivalences of (i)-(iv) with (v) and (vi) follow 
because of Proposition 14.71 and Theorem 13. 4[ respectively. Notice that, as in the Frobenius case, 
since A® X is always left robust in C, for the equivalences with (v) we need only A, X to be cofiat 
objects. □ 

In [5] we will apply the results in the last two corollaries to the wreath extensions produced by 
generalized entwining structures, previously introduced in [7]. As a consequence we will obtain a 
set of Frobenius properties and Maschke-type theorems for generalized entwined module categories. 
Specializing them for the contexts provided by Hopf algebras and their generalizations we get at 
the end most of the Frobenius properties and Maschke-type theorems known for different sorts of 
entwined modules. We also get new ones, specially in the case when we consider contexts coming 
from quasi-Hopf algebra theory. 
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